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ABSTRACT

—

Tomographic simultaneous inversion of qu#si and S-waves in anisotropic media is a powerfy
tool to determine the elastic properties of the medium. gimgl tomographic inversion in weakly
anisotropic media for eitherP- or ¢S-wave traveltimes alone allows to determine a limited numbe
of elastic parameters. Only {fP- andqS-wave traveltimes are jointly inverted, the whole elastic
tensor of the weakly anisotropic medium can be determindw ifiversion of;S-wave traveltimes,
however, leads to non-linear inversion relations. If als® observeqS-wave polarisation vectors
are introduced into the inversion, the tomographic refditor ¢S-waves linearise and are formally
identical to those forP-waves. Numerical results for a homogeneous transversetyopic (Tl)
model show that the full elastic tensor can be reconstruatebthe elastic parameters of this tenspr
are in good accordance with the TI-medium under consideratinverting the full tensor of elastic
parameters is useful if no a priori information on the synmnand/or the orientation of the anisotropy
system is available. If such information is available, astcained inversion with a limited number of
elastic parameters can be performed. An investigationegénsitivity of the inversion with respect
to errors in the orientation of thgs-wave polarisation vectors revealed that the inversionltesre
only slightly affected if errors of up t25° are introduced.

INTRODUCTION

Anisotropic model building from surface seismic reflectdata is a very challenging task since one has to
deal with variations of the elastic parameters and the ttefleiepth simultaneously. If down-hole or cross-
hole data are available, the inversion is less complicatestdransmission data are considered. The basic
relations for traveltime perturbations in weakly anisptoamedia were established in 19&2gtveny, 1982;
Hanyga, 1982). First applications of these formulae in aarision scheme fayP-waves were published,
e.g. byéerveny and Jech (1982), who investigated transversetsoisic (T1) media with a non-vertical
symmetry axis, or by Chapman and Pratt (1992) who considentgitrary anisotropy, but restricted the
inversion to 2-D wave propagation (i.e., rays remain in ax@laontaining the borehole). Most of the
investigations published so far considg?-waves. Jech and P38k (1992) performed a joint inversion
for ¢ P- andgS-waves in Tl media. For quasi-shear waves the relationsréwettime perturbations are
intrinsically more complicated than for the quasi-compi@sal waves. In the homogeneous case the
traveltime perturbationA~(*) due to the perturbations of the elastic parameters,;,,, read as follows
(see e.g. Jech and P$# 1989;Cerveny, 2001):

T )
AT = _goAaiklm pEM) D gch) gl(M)-

Here,pEM) andry are components of the slowness vector and traveltime obthave in the isotropic
background medium. Indice® = 1 and2 correspond t@S1- andgS2-waves. The traveltime perturba-
tions A7(M) depends on the polarisation vectgfé?) in the background medium, which, in turn depend
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on the perturbations of the elastic paramet®ss;;,,,. This leads to a non-linear behaviour of the-wave
traveltime perturbations with respect to the perturbatibthe elastic parameters. The polarisationff
waves in the background medium corresponds to the phaseahahith is known and, therefore, leads to
linear perturbation relations.

Polarisation data provide additional information on thedure. The polarisation data can be used to
invert for medium parameters as well as to improve the reismof the tomographic image. Several papers
using the polarisation tomography have been publishedinstance, Le Bégat and Farra (1997) inverted
qP-wave traveltimes and polarisations of synthetic exampieailating a VSP experiment. Horne and
Leaney (2000) invertedP- andqSV polarisation and slowness component measurements othtaaome
a walk-away VSP experiment using a global optimisation mettHorne and MacBeth (1994) developed
a genetic algorithm to invert shear-wave observations S8R data. They used horizontal polarisations
and time-delays to invert for hexagonal and orthorombicreytny. The polarisation data were also used
by Hu and Menke (1992), Farra and Le Bégat (1995), Holmes é€2600).

In this paper we will present a joint inversiong@P- andq.S-waves in homogeneous weakly anisotropic
media using a linear inversion formalism for b@tR- and¢S-waves. The observegs-wave polarisation
vectors are used to approximate vectgf), (M = 1,2). With the known vectorg) the relations
between the traveltime perturbations and the perturbatibalastic parameters become linear and formally
identical to the relations fog P-waves. This allows to use the same inversion schemefferas forqS-
waves. We assume that each of the two propagattfrvaves are recorded separately, i.e. giSowave
coupling, and that the observations are not close to singlidections. The traveltimes and polarisations
of ¢S-waves on three-component seismic records can usually teendieed by Alford rotation (see e.g
Alford, 1986; Li and Crampin, 1993; Dellinger et al., 1998).

After this introduction we briefly review the required bagierturbation formulae, followed by the
inversion scheme used in this study. Special emphasiséndivthe determination of the vectg$s") for
the inversion using the polarisation vectorsgdfwaves. Numerical inversion examples demonstrate the
applicability of the scheme where also the sensitivity toerin the polarisation vector is discussed.

BASIC PERTURBATION FORMULAE

We consider homogeneous weakly anisotropic media and ashidgih-frequency approximation of the
wave field. In the case of weak anisotropy the tensor of thetiel@arameters is represented by a sum

150)

of the tensor of the density-normalised elastic paramétesa isotropic background mediumgklm, and
small perturbationda;;,,, describing the deviations from isotropy:
Qiklm = GEZQ + Atikim- 1)

It is furthermore assumed that the perturbatidnasy,,,, are formally considered to be of the same order as
w™!, wherew is the circular frequency.

For media of weak anisotropy the zeroeth-order solutiortlierwave field ofgP- and ¢S-waves is
written in the following form (seéerveny, 2001; Zillmer et al., 1998; P3xk, 1998):

P e_inp TWAT,
v N WD(%KW)@ (v, y2) (2)
p\lHy I, )2
qS e iwTs WwATes1 (1) WwiTgs2 g(2)
v W{A(%,W)e g (1,72) + Ol e) €90 g (71”2)}'
s\7T5711,7)2

Here,u?” andu?® are displacement vectors gP- and¢S-waves, andr, andr, are traveltimes of the
P-andS-waves in the isotropic background medium, respectivetydketters denote vectors},, and.J,
are Jacobians of the transformation from ray coordingtes,;, v2) to Cartesian coordinates. The scalar
amplitudesA, C and D are defined by the initial conditions, e.g., by the type of sberce (see e.g.
Gajewski, 1993).

In equation (2), the traveltime perturbatit, p is:

-
Atgp = *gpﬁaikmpipmnknl, (3)
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wherep is the slowness vector and= vg p is the unit vector tangent to the reference ray of Frevave
in the isotropic background medium.
In equation (3), the traveltime perturbatiofis,s; andAr,g, are obtained by the formulae

Ts
ATgs1 = -3 AL, (4)

Ts
ATqSQ = —5 )\2, (5)
where); and); are eigenvalues of the weak-anisotropy matrix
Brv = Aaiklmpkpmel('l)el(k[)a (I,M =1,2). (6)

Also in equation (3,) the mutually orthogonal unit vectgf®d) andg(® are linear combinations of the
arbitrary mutually orthogonal unit vectoes!) ande(® situated in a plane perpendicular to the reference
S-wave ray in the isotropic background medium, i.e.,

ggl) = ez(-l) cos ¢ + 61(-2) sin ¢, gz@ = 761(.1) sin ¢ + 61(-2) cos ¢. (7

The linear combinations (7) are constructed from the eigetors(cos ¢, —sin ¢)T and (sin ¢, cos ¢) T
corresponding to the eigenvalulesand); of the weak-anisotropy matrix (6). For more details €eeveny
(2001), Jech and PSéik (1989), Zillmer et al. (1998), PSétk (1998). For the inversion we will use
equations (4) and (5) for the traveltime perturbations enftirm

Ts
ATgs1 = 5 AGikim Pi Pm gS) gl(l), (8)

Ts
ATyg0 = — 5} Aaikim Pi Pm g;(f) gl@)- (9)

SYNTHETIC VSP EXPERIMENT

We computed three-component seismograms for the folloofisgrvation scheme (see Figure 1). A bore-
hole is situated at the poitk = 0.5 km andY” = 0 km of a Cartesian coordinate system with horizontal
X — andY —axes and a verticdf —axis which is parallel to the borehole. 25 receivers areitligied along
the borehole with a spacing of 30 m. Three types of waves gatpay in a homogeneous transversely
isotropic medium with a vertical axis of symmetry (VTI) arecorded at the receivers. The wave fields
are generated at nine different source positions on thasef = 0, where tilted unit forces are used as
sources. The tilted forces have a fixed orientafibfor all source positions such that the orientation is
given by

F = (sinf cos p,sinfsin p, cosf), where 6 =45° o = 45°. (20)

Synthetic seismograms at the receivers were computed stnglard anisotropic ray tracing (see e.g.
Gajewski and PSeifk, 1988). We consider two homogeneous VTI models whidieddnly in the strength
of anisotropy. The density-normalised elastic parametergiiven in Table 1. The corresponding isotropic
background models are obtained from an iteration procedeseribed below using the formulae for the
best-fitting isotropic medium derived by Fedorov (1968)eThientation of the receivers in the borehole
coincides with the general Cartesian coordinate system,the two horizontal components are aligned
with the X — andY —axes and the vertical component points alongZheaxis. Examples of the three-
component seismograms for the source positions 1, 3 ana6-{gare 1) are shown in Figure 2.

The traveltimes,p, 7,51 andr,s2 and the unit polarisation vectoss,p, A,s1 andA,g, computed
using standard anisotropic ray tracing for each receivaesas observed data. Using these data we want
to recover the perturbations of the elastic parameters,;,,,, where we assume that an initial isotropic
background modek.”), is known.

SCHEME OF INVERSION

For the inversion we use a system of equations formed by thatiens (3), (8) and (9) corresponding to
the different source—receiver combinations, where theettime perturbations, the slowness vectors and
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Weak Anisotropy (WA), 5% Weak Anisotropy (WA), 10%
13.59 6.79  6.12 0. 0 0. 13.59 6.80 5.44 0. 0. 0.
1359 6.12 0. 0. 0. 13.59 544 0. 0. 0.
12.23 0. 0. 0. 10.87 0. 0. 0.
3.06 0 0. 272 0. 0.
3.06 0. 2.72 0.
3.40 3.40

Best-fitting isotropic media:
v = 3.59 km/s v = 3.48 km/s
“‘”) = 1.80 km/s “‘”) = 1.75km/s

Table 1: Density-normalised elastic parameters of two homogenedumodels (in knt/s?). The models
differ only in the strength of anisotropy}** andv{**’ are the velocities of the compressional and shear

waves in the corresponding isotropic background media.

vectorsg™), (M = 1,2) are determined from the observed data. Key issue is thendietation of vectors
g™) to obtain a linear perturbation formula.

For each source—receiver combination in the backgrouritbjsic medium traveltimes, andr, and
the slowness vectors of the compressional and shear waweaputed. The traveltime perturbations
ATyp, A1ys1 and A7,go are the differences between the observed traveltimes 7,51, 7452 and the
corresponding traveltimes, andr, computed in the background medium. The veaidn equation (4)
is the unit vector along the ray (slowness) in the isotrogickground medium at the receiver. The polar-
isationsA ;51 and A s of the two quasi-shear waves are used to estimate the unkvestorsg(?) and
g® needed in the perturbation formulae (8) and (9) by the fahowprocedure. The observed polarisa-
tion vectorsA 51 andA s, are prOJected onto a plane orthogonal to the reference.eayprthogonal to
n. Although these prOjectlonAqsl anqusg are usually not mutually orthogonal we can use them to
estimate the vectogs!) andg(?). The unit vectors corresponding #,s; andA s, are denoted bg(!)
andg(®. We now use these vectdgs") andg(® instead of the unknown vectogs!) andg(® to solve the
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Figure 1: The observation scheme of the numerical experiment. Acadrtiorehole contains 25 aligned
three-component receivers with 30 m spacing until a dep#*b6fm. The source positions on the surface
denoted by reference numbers are indicated by trianglestc8s represent a tilted unit force with fixed
orientation for all shots (see eq. 10).
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Figure 2. Synthetic three-component data for the source positiofssahd 6 (see Fig. 1) for the model
with 10% anisotropy. The vertical component4s(right), the horizontal components a2 andY (left
and center). Orientations d&f, Y andZ are along the axis of the general cartesian coordinate syflam
traveltime is given on the vertical axis against the reaaivember on the horizontal axis. Both split shear
waves are visible for the sources at 3 and 6.

inverse problem, i.e, instead of (8) and (9) we use the waiati

7_5 ~ ~

ATqSl = - 5 Adigim DiPm g](cl) gl(l); (11)
7_5 ~ ~

A'7_qS2 = - 5 Aigim DiPm g](f) gl(g) (12)

The accuracy of this approximation is investigated below.
The tomographic system is constructed from the equatignél(B) and (12) corresponding the different
source-receiver combinations. The system can be writtarcmmpact form:

5T = F om, (13)
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where the vectodT is formed by the traveltime perturbations, p, At,e1 andAr,se. The vectord'T
has a dimensiov of the total number of theP- and ¢S-wave observations for all recevers from all
sources. The vectdmm of the perturbations of the elastic parametérsy;,,, has a dimensioi.. HereL

is equal to 21 if the full elastic tensor is inverted, abhé@qual 5 if only five elastic parameters determinig
the VTl medium are inverted (see Appendix). Thex N matrix F is constructed from the corresponding
components of the slowness vectors, the ve@6ts or n and the traveltimes in the background medium
(see egs. 3, 11 and 12). The matFixis a large, sparse matrix. Since number of the observafloiis
greater then the number of seeked paramdiéng system (13) is overdetermined. To find the perturbations
of the elastic parametedsn the singular value decomposition (SVD) technique is us&D roduces a
solution of system (13) that is the best approximation indast-squares sence. SVD searchegifoithat
minimisey? such that:

x> = |Fém — 6T|%

ACCURACY OF VECTORS g(M)

Under the assumption of weak anisotropy the orientatioadl o&ctorsA ,s,r, g andg™) (M = 1,2)

are close to each other (see e.g. Jech anddfi§elp89). The accuracy of this assumption is investigated
in this section. To show how close these vectors are, theviollg test is carried out for the two models
under consideration (see Table 1). For the constructionaifiriB used in equation (6) we choose two
arbitrary mutually orthogonal unit vectoe$!) ande(? in the plane perpendicular to the reference ray in
the following way:

1 "3
eM=———| 0 |; e® =nxel, (14)

2 2 ’
v/ ng +ny —ny

where x denotes the vectorial product andis the unit vector tangent to the reference ray. These base
vectorsn, e)) ande(® vary for each receiver position. For each receiver we comthe vectorg (™),
(M = 1,2) using the eigenvectors of matrB (see egs. 6 and 7) by solving the eigenvalue problem.

Here we will compare the components of the vectgfé) and the polarisation vectors,s s from the
observed data with respect to the same coordinate systeia.c@brdinate system is determined by the
base vectors, e(!) ande®. The components af(*) with respect to the base vectars) ande® are
known from equations (7). Since the vectgf$!) are located in a plane perpendicular to the reference ray,
they have no components along Then, we compute the components of the polarisation ve&gg
with respect to the base vectaise”) ande(?). The components oA ,s,, with respect tee") ande®
are also the components of the projectk&;ng of A,sn Onto a plane orthogonal to the reference ray
with respect to the same base vectors. The unit normalim’dqj'ronsAqSM produce the vectog*)

Figure 3 shows the components of the vectgf¥) (dotted lines) and the vectors, sy, (solid lines)
with respect to base vectors e(!) ande(?). Those components are shown for all receivers in the model
with 10% anisotropy for the sources 1, 3, and 6. Because ittensg (M) are perpendicular ta, only the
components og(™) with respect to base vectoss?) ande(® are displayed (i.e., two dotted lines in each
plot). The three solid lines in each plot show the componeftise vectorA ,s, with respect to the base
vectors. The solid lines without dots close to them are thepmments of the polarisation vectoAs,sas
with respect to base vectar Due to the type of symmetry considered (i.e., VTI) one of¢Rewaves has
a pureS H polarisation, therefore, its componentirdirection vanishes (see plots on the left of Figure 3).

According to Figure 3 the components Af s, and the components of the vectgr$?) with respect
to base vectors(!) ande(® are very close to each other. It is means that the ve@dfs are close to
the vectorg ). We conclude from this numerical test, that the normaligejegtions of the polarisation
vectorsA ;g onto the plane perpendicular to the ray in the backgroundumegdrovide good approxima-
tions for the vectorg™) (M = 1,2) needed in the perturbation formulae (8) and (9), i.e., thaerical
test justifies the applicability of relations (11) and (I'®tead of (8) and (9). Therefore, relations (11) and
(12) will be used to invert the synthetic data.
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Figure 3: Components of the vectogs™) and the polarisation vectos, s, (M = 1,2) for the model
with 10% anisotropy (see Tab. 1) estimated from the synthktia with respect to the base vectare(!)
ande(?. The vectorg™) andA s, are shown for all 25 receivers and sources 1, 3, and 6 (seé)Fig.
Solid lines represent components®fs,,. The components af(M) with respect to base vectos§') and
e are displayed by dots (for details, see the text).

INVERSION OF SYNTHETIC VSP DATA

The inversion procedure is applied to two VTl models whicfiediin strength of the anisotropy (see
Table 1). The isotropic reference models are constructed)uke following iteration procedure. First,
the velocitiesv, andv, estimated for several source-receiver pairs (i.e. as tstante divided by the
corresponding traveltime) are used as parameters fordgtrefsc background medium. In the next step the
elastic parameters determined by the inversion are useshi&treict an updated isotropic reference model
using the formulae for the best-fitting isotropic mediumivkat by Fedorov (1968) (see also the Appendix).
The inversion is repeated with the updated isotropic bamkgd model. The inversion and update of the
isotropic background are repeated until the old velociigsthe new velocities of the isotropic background
differ only by a small value (e.g., 0.01 km/s).

At the receivers the traveltimes of the three types of wagewell as the polarisation vectoss, g1,
A g2 are considered. First we assume that there are no errorese iata. To determine the elastic
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Inversion for 21 elastic parameters: Inversion for 5 etgstirameters:
13.441 6.666 5.436 0.008 0.0111 —0.004 13.432 6.653 5.372 0. 0. 0.
13.402 5.408 —0.022 —0.010 —0.001 13.432 5.372 0. 0. 0.
10.769 0.057 —0.145 0. 10.624 0. 0. 0.

2.625 —0.022 0.016 2.627 0. 0.

2.664 0. 2.627 0.
3.372 3.390

Table 2: Inversion results for the model with 10% anisotropy. Thestitaparameters were determined
using the inversion procedure for 21 parameters (left) ané parameters (right). These parameters were
used to compute the phase velocities shown in Figure 4 and 5.

Inversion for 21 elastic parameters: Inversion for 5 etgstirameters:
13.55 6.765 6.060 0.002 0.006 —0.001 13.554 6.759 6.044 0. 0. 0.
13.544 6.054 —0.006 —0.004 0. 13.554 6.044 0. 0. 0.
12.220 0.015 —-0.042 0.001 12.179 0. 0. 0.

3.034 —0.006 0.006 3.035 0. 0.

3.047 0. 3.035 0.
3.393 3.397

Table 3: Inversion results for the model with 5% anisotropy. The titgsarameters were recovered using
the inversion procedure for 21 parameters (left) and forrfampaters (right). These parameters were used
to compute the phase velocities shown in Figure 6 and 7.

parameters defining the weakly anisotropic medium wegiisevave data as well agS-wave data simul-
taneously. In weakly anisotropic media usegéf-wave data oy S-wave data alone allows to determine
only 15 of the 21 elastic parameters (see, e.g., HEamd Gajewski (1998) foy P-waves, and equations
(16) and (17) of the Appendix fayS-waves). Only the joint inversion allows to determine thk élastic
tensor of the medium.

For each source—receiver pair and each type of wave theltinagedifferencesAr,s;, Arys2 and
AT,p between observed traveltimes and computed traveltimeseinsotropic background medium are
considered. The vectog?), g2 are obtained from the synthetic data as described above.

First, for both models the inversion for 21 parameters i$quared, meaning that no a priori knowledge
on the type and orientation of the anisotropy is assumed.détermined elastic parameters are shown in
Tables 2 and 3 (left side). The parameters are close to thet emas, but the type of symmetry is slightly
differentfrom VTI. However, the values of the “non-VTI” pameters, i.e., the off-diagonal elements except
Ao, A1z and Aoz are very small;Aq; is close toAss and Ayy is close toAs; and A3 is close toAss,
which indicates a medium of VTI symmetry. Figures 4 and 6 sttemphase velocities computed from the
inverted 21 elastic parameters and the exact model paresnete

Let us now assume that a priori information on the type anendaition of the anisotropy is available,
i.e., we know that a VTl medium is under investigation. Instisese we can restrict the inversion to
five independent elastic parameters. The system of eqeat®)n (11) and (12) are specified under the
assumptions of a VTI medium for the inversion. The resulesesented in Tables 2 and 3 (right, see
also Figure 5 and 7). The inversion results are close to thdteeof the inversion for 21 parameters. It is
interesting to note that the phase velocities computed frarinverted 21 parameters for th&- waves
are even closer to the exact velocities than in the case aftleesion for 5 parameters. For th& wave
phase velocities, the inversion of 5 parameters providadtewhich are slightly closer to the exact ones
(Figure 8).

In the examples described above noise-free data were useduBe the exact vect@$s") and vectors
gM) estimated from the synthetic polarisations almost coim¢ige Figure 3), only negligable errors are
introduced by this approximation in the examples shown.c&itata from a VTl model are considered
the illumination of the observation scheme used is suffidiemetermine 21 parameters (where many of
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Figure 4: Exact and determined phase velocities following from thén®&rted elastic parameters for the
model with 10% anisotropy. Exact phase velocities are diggal by solid lines. Phase velocities computed
from the determined parameters are shown by dashed lingsfgP-wave (left), and by dashed and dotted
lines forS H- andqSV -waves, respectively (right).
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Figure 5: Exact and determined phase velocities following from 5itegtelastic parameters for the model
with 10% anisotropy. Exact phase velocities are displayesdtid lines. Phase velocities computed from
the determined parameters are shown by dashed lines fotitheave (left), and by dashed and dotted
lines for theS H- andqSV -waves, respectively (right).

them are almost zero). The quality of the inversion reshlis mainly depends on the assumption of weak
anisotropy. Therefore, the model with 5% anisotropy wasvered with higher accuracy than the model
with 10% anisotropy (see Figure 8).

So far the data were considered to be free of errors. Now wenieeathe sensitivity of the inversion
results to errors of the polarisation vectors. The unit psédion vectorA can be described by two angles:
the inclination anglev and the azimuthal angle:

A = (sina cos 3, sina sin 3, cos ). (15)

In the following examples we introduce errors into these amnglese and 5 to perturb the orientation of
the polarisation vector at each receiver position and feryeghot. The errors are random with a normal
(Gaussian) probability distribution and a mean value etpuakro and variance. To generate synthetic
datas set with different noise levels the values of the waga were altered from 0° to 25°. Then, for
each set of noisy polarisation data the inversion was paddr Figure 9 shows the results of inversions
for all types of waves. According to these results the inearprocedure is not very sensitive with respect
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Figure 6: Exact and determined phase velocities following from 2Z%ited elastic parameters for the

model with 5% anisotropy. Exact phase velocities are dyguldy solid lines. Phase velocities computed
from the determined parameters are shown by dashed lingsfgP-wave (left), and by dashed and dotted

lines for theS H- andqSV -waves, respectively (right).
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Figure 7: Exact and determined phase velocities following from 5itegtelastic parameters for the model
with 5% anisotropy. Exact phase velocities are displayeddiiyl lines. Phase velocities computed from

the determined parameters are shown by dashed lines fotitheave (left), and by dashed and dotted
lines for theS H- andq SV -waves, respectively (right).

to errors in the polarisation vectors of the order used isehexamples. The results of the inversions of
noisy polarisation data are close to the result of the inwarsf noise-free data, even though the introduced
errors are significant (a variance®f= 25°).

CONCLUSIONS

An inversion procedure for weakly anisotropic homogeneglastic media using traveltimes gP- and
gS-waves as well agS-wave polarisations was suggested. The presented inmgpsazedure allows to
use the same linear inversion schemedBr as well as foryS-wave data. The joint inversion @fP- and
gS-waves allows to determine the full elastic tensor if no agrinformation on the type of symmetry and
the orientation of the anisotropic medium is available.

The suggested procedure was tested on two homogeneousetsalyg isotropic models with a vertical
axis of symmetry which differ in strength of the anisotrop$4 and 10%). Noisy and noise-free synthetic
data were considered. For the considered models the fgliekensor (21 elastic parameters) was deter-
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Figure 8: Relative errors of phase velocities for the three wave typesSH and ¢SV with respect
to the exact velocities for the two VTl models: on the leftesithie model with 10% anisotropy, on the
right side the one with 5% anisotropy (for the parametersTede 1). Errors of the phase velociti&s
obtained after inversion with respect to the exact phasecites V... are computed in percents (i.e.,
100 * |V — Viexact |/ Vexact). Solid lines show the relative errors of the inversion fare2astic parameters;
dashed lines show the relative errors after inversion fdaStie parameters.

SH wave qSV wave
T T
1.85 exact
without noise 18
variance 10 -
variance 15 -
1.8 + variance 25 1.75
@ @
£ £
= 175 = 1.7
© © :
> >
3 3
© ©
i 1.7 i 1.65
variance 10 -
variance 15 -
1.65 1.6 variance 25
1.6 1.55 . . .
0 20 40 60 80 0 20 40 60 80
Phase angle [degrees] Phase angle [degrees]

Figure 9: The results of the inversion for 5 parameters in the modeh W% anisotropy using noisy
polarisation data. Noise was introduced into the polar @ndkefining the unit polarisation vectors (see
text). Exact phase velocities are represented by solid.liheng dashed lines display phase velocities after

inversion of noise-free data, remaining lines represeasptvelocities after inversions of noisy data with
different variances of = 10°, 15° and25°.

mined with a sufficient accuracy. For the model with 5% of atrigpy the maximum deviations between
the exact phase velosities and and phase velocites calduiatm the inverted elastic parameters were
below 1%. For the model with 10% of anisotropy the maximuratie¢ errors of the phase velocites rise
up to 3.5% for some directions. A constrained inversion,(ireluding a priori information) for 5 elastic
parameters only slightly improved the results. For the mizakexamples used in this investigation, the
illumination of the observation scheme used was sufficientase of models with a lower symmetry (e.g.,
orthorhombic or triclinic) the issue of illumination is mumore crucial and will require better walk away
and azimuthal coverage and may even need crosshole oligesvit recover the full elastic tensor. This
needs to be further studied. Tests of the sensitivity of tiverision results on errors in the polarisation
vectors used in the inversion reveal an almost negligalffiigeince. This results applies to the investigated
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models and error magnitudes of up2& in orientation.

The extension of the proposed method to heterogeneous rsenia straight forward since the vec-
torsg™) (M = 1,2) along the reference ray rotate because of two reasons: wemeities of the
isotropic background medium and changes of anisotrop@maters along the ray. The trade-off between
anisotropy and inhomogeneities is a complicated problenerdfore, the next step is the inversion of the
elastic parameters of factorized anisotropic (FA) meoMéerveny and Simdes-Filho, 1991), where the
rotations of the vectorg™) only depend on the inhomogeneities of the isotropic baakgdanedium.
The rotation (or torsion) angle can be computed by estaddisbchniques (see, e.Gerveny, 2001). The
described procedure would be applied for every segmenteofah starting at the receiver, and ending at
the source where the rotation of the vectgf" is taken into account by applying the proper rotation to
the polarisation vector. Final results are then obtainedryntegration along the ray. This will be the
subject of future investigations.
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APPENDIX A

In this Appendix we give explicit expressions for the pdoation equations foy P- andq.S-waves as well
as Fedorov’s 1968 results on the best fitting isotropic ayiprations to abitrary anisotropic media.

The weakly anisotropic medium is given here in the compikskegt-notationA, s for the density
normalised tensad;x;,,, with the usual correspondencet — 1,22 — 2,33 — 3,23 — 4, 13 — 5,
12 — 6: ]

Aaﬁ:A((XlZO)+AAa[j7 a,f=1,...,6

WhereAij") are the elastic parameters of the isotropic reference medindA A, s characterise the small
deviations from the isotropic background medium.

The perturbation formula fay P-waves contains only 15 independent elastic parameter(obina-
tions of them). Equation (16) is analogous to the result fR¥aitik and Gajewski (1998) (their equation
17a), however, for a better correspondence with the reisudtguation (17) of .S-waves below we rewrite
it here in the following form:

ATryp = 727—% [n%AAH + Qn%ngel + Qn%ngq + 471%7?,271363 + 4n§n3AA15
D
+4n?n2AA15 + n%AAQQ + 2n§n§e4 + 4n§n3AA24 + 4n1n§n365 (16)

+4n1n§AAgs + néAA33 + 4n2n§AA34 + 4n1n§AA35 + 4n1n2n§eG ,

wherew, is the P-wave velocity,7, is the traveltime of the”-wave andn is the unit vector tangent to
the reference ray in the isotropic background meditdm(q P) is the traveltime perturbation with respect
to the traveltimer,, caused by the perturbations in the elastic parametetss. In equation (16) the
following notations are used:

€1 = AAp +20A65, €2 =AA13+2AA55, e3=AA1+2AAs56,
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€4 = AAgs +2A Ay, €5 =AAss +2AAy5, €= AAsg+ 2AAys.

Similarly, also the perturbation formula fg5-waves depends only on 15 elastic parameters (or com-
binations of them), we obtain from equations (8) and (9):
Ts
2
+2p2ga(p183 + P3g1)da + 2p2ga (P12 + Pag1)ds + p3g3de +

TaSu = — = |P38501 + 2p282p38302 + 2p2g2(p2gs + P3g2)ds +
+2p3g3(p2gs + p3g2)d7 + 2p3g3(p1gs + pP3g1)ds +
+2p3g3(p182 + P281)d9 + (P2g3 + P3g2)’AAgs +
+2(p2gs + p3g2) (P183 + p3g1)AAys + a7)
+2(p2gs + p3g2) (P182 + p2g1)AAss +
+2(p1g3 + p3g1)(P182 + p2g1)AAss +
+(p1g3 + p3g1)? AAss + (p182 + pag1)?Ades|, M =1,2.
Here, 7 is the traveltime of theS-wave in the isotropic background mediuthy(¢S),) is the traveltime
perturbation with respect to the traveltimgcaused by the perturbations in the elastic parametetsg,

g; is thei-component of the polarisation vecigh'’) of the Sy, wave, see equation (7). For simplicity we
omit the index)M in the following. In equation (17) the following notationseaused:

01 = AAgy + AAy — 2A A, 02 = AAgz + AA;; — AAjp — AAygs,
03 = AAgy — AAyy, 04 = AAys — AAys, 05 = AAgs — AAys,
56 = Adss + Adyy — 20Ays, 07 = Adgs — Adyy,

0 = Adss — AAys, o= Adsg — Adyg,

In the case of a VTl medium formulae (16) and (17) take theofaihg form:

.
- 72_52 [(nil +n3)AA +n3AAzs +2(n3n3 +nin3)(AArs + 2AA4)
P
Ts
Tas = —5{ (283 + p3g2)? + (prgs + pag1)?] Adus +

+p3ga(AA + Adzz — 2AA13) + +(prg2 +P2g1)2AA66}, M=1,2,

wherer, andr; are the traveltimes of the- andS-waves in the isotropic background medium;is the
P-wave velocity in the isotropic background;r(¢P) and Ar(¢S) are the traveltime perturbations with
respect to the corresponding traveltimeor 7, caused by the perturbations in the VTI elastic parameters.
These results show that for the VTI medium only three of thedependent parameters are present in the
perturbation formula if eithey P- or ¢S-waves are considered alone (i.e., in an inversion only 8mpaters
can be recovered if onlyP- or ¢S-waves are considered).

APPENDIX B

For the construction of reference isotropic models the tdamfor the best-fitting isotropic medium derived
by Fedorov (1968) were used:

1 1
vl = 30 (3aikik - aiikk); v = 30 (3aiikk - aikik) + 2. (18)

Herew, andv, are the velocities of thé’- and S-waves in the isotropic mediuma,;,, are the density
normalized elastic parameters of the anisotropic mediudeuoonsideration.



