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ABSTRACT

3-D amplitudepreservingpre-sta& migration of the Kirchhof typeis a taskof high
computationalefort. A substantialpart of this effort is spenton the calculation of
properweightfunctionsfor thediffractionstadk. e proposea methodo computehe
migration weightsdirectlyfromcoarsegriddedtraveltimedatawhich are in anyevent
neededor thesummatioralongdiffractiontimesurfaces Themethocemploysecond
ordertraveltimederivativeghat containall necessarynformationontheweightfunc-
tions. Their determinationalone from traveltimessignificantlyreduceshe require-
mentsin computationakime and particularly storage. Application of the technique
showsgoodaccodancebetweemumericalandanalyticalresults.

INTRODUCTION

Kirchhoff migrationis astandardechniquen seismidmaging.Duringthelastdecade
its objectve haschangedrom the corventionaldiffraction stackmigrationthat pro-
ducesonly' animageof reflectorsin the subsurlceto a modified diffraction stack,
e.g.,to peformAVO analysislithologicalinterpretatiorandreserwir characterization.
In the modifieddiffraction stackspecificweightfunctionsareappliedwhich counter
mandthe effect of geometricakpreading.Following from this, amplitudesn there-
sultingmigratedmageareproportionako thereflectorstrengthf theweightfunctions
arechosercorrectly ThreedifferenttheoreticappproachegBleistein,1987;Kehoand
Beydoun,1988;Schleicheretal., 1993)have leadto formulationsof theweightfunc-
tions. As (Docherty,1991)and(Hanitzsch,1997)have shovn theseresultsareclosely
related.

Sinceweightfunctionscanbeexpressedn termsof secondrderspatialderivativesof
traveltimesthey wereuntil now computedisingdynamicray tracing(€eneny andde-
Castro,1993;Hanitzschetal., 1994). Although (Schleicheset al., 1993)statethatthe
modulusof the weightfunction canalsobe determinedrom traveltimes,(Hanitzsch,
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1997)pointsoutthatcomputingrraveltimederivativesalongdippingsurfacess expen-
sive andnumericallyunstable.In this paperwe proposean alternatve algorithmfor

determiningraveltimederivativesthatdoesnotsuffer from theinstability of numerical
differentiation. It is basedon a local sphericalapproximationof the wavefrontlead-
ing to a hyperbolicexpansionof the traveltimes. We determinethe completeweight
functionsfrom traveltimessampledon a coarsegrid that are at the sametime used
for the computationof the diffractiontime surfaceneededor the stack. This makes
the algorithmcomputationallyefficient in time andparticularlyin storage.Dynamic
ray tracingis not required. For the specialcaseof 2.5-D symmetrywe usea simple
expressiorfor theout-of-planespreadinghatcanalsobedeterminedrom traveltimes
andnot, asit is usuallydone,from anintegral alongtheraypath.

Following an outline of true amplitudemigrationusing a weighteddiffraction stack
we will give anexpressiorfor the actualform of migrationweightfunctionsasthey

wereemployedin this work. We will thendemonstrat®ur methodby applyingit to

two examples.Comparisorof our resultsto analyticalvalueswill confirmits quality
whichwe alsosummarizen our conclusions.

METHOD

(Schleicheretal., 1993)shav thata diffractionstackof theform

VM) = - [ [ e g Wn(e, &, 1) LD
7D (§1,€2,M)
yields a true amplitudemigratedtraceif properweightfunctionsWsp (&1, &2, M) are
applied.In equation(1) A is theapertureof the experimentassumedo provide suffi-
cientillumination), OU (&1, &2, 1)/ 0t| -, (160,11 IS thetime derivative of the input seis-
mic tracein termsof thetracecoordinateg¢;, &) atthediffractiontraveltimerp, for a
diffractorata subsurécepoint M. U (&, &, t) is givenby

U(Es,&1) = "0 Pt~ al0,82)) @
In equation(2) F'(t) is the shapeof theanalyticsourcepulse,rx thereflectiontravel-
timeand L thegeometricabpreadingR is theplanewave reflectioncoeficientand.A
expressesransmissioossesTheintegral (1) cannotgenerallybeanalyticallysolved.
It can,however be transformedo the frequeng domainandfor high frequenciede
approximatelyevaluatedby the stationaryphasemethod. This solutionis thentrans-

formedbackto thetime domainandcomparedo the analytictrue amplitudesignal

Ura(t) = LU(&, &, t +Tr(61,62)) = RAF(t) . (3

The comparisorof Uy 4(t) andtheresultof (1) showns thatequation(1) yieldsindeed
atrueamplitudetraceif theweightfunctionsarechoserto be(Schleicheetal., 1993)

Wan (1, €2, M) = £+/|detHr| JE(-=E) @)

(1)
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Thematrix Hr is the Hessiamatrix of thedifferencerr = 7p — 75 betweerdiffrac-
tion andreflectiontraveltime at the stationarypoint &5, &, whereVrs = 0, meaning
thatin this point the diffraction and reflectiontraveltime curves are tangentto each
other Hr canbe expressedn termsof secondorder spatialderivative matricesof
traveltimeswhich until now werecomputediy dynamicray tracing. Thisis, however,
not necessargincethesedervativescanbe extractedfrom traveltime datathatis re-
quiredfor the constructiorof the diffractiontraveltime surfacefor the stackarnyway.
Usingthesedervativesalsogivesan effective andhighly accuratealgorithmfor inter-
polatingtraveltimesfrom the coarseanput grid to thefine migrationgrid (Vanelleand
Gajenski, 2000a).Also, the geometricabpreadingcanbe written usingsecondorder
derivativesof traveltimes(seeAppendixC). The expressionfor the weight function
we useis

/S, cos g |det N7 + AT
Us \/‘det./\Afl det./\A/'g ‘

W3D (517 62, M) - e_ig(lﬁll +I€2) . (5)

The anglesa; anda, arethe emegenceandincidenceanglesat the sourceandre-
cewer, v, is thevelocity atthe sourceandx; andk, arethe KMAH indicesof thetwo
branchesof the traveltime curve. The matrices: andI" describethe measurement
configuration(e.g.,commonshot). N; and A, aresecondrderderivative matricesof
thetraveltimes. All quantitiesandtheir determinatiorfrom traveltimesareexplained
in detailin theappendices.

APPLICATIONS

In this sectionwe will applyourmethod.A simpleexamplewaschosenn orderto al-
low for comparisorof numericallyandanalyticallycomputecamplitudesThemethod
is, however, not limited to homogeneouselocity layermodels.For corveniencerea-
sonswe haverestrictedour exampleto whatis commonlyreferredto asa2.5-Dgeom-
etry (Bleistein,1986). The needto introducethis conceptariseswhenseismicdatais
only availablefor sourcesandreceversconstrainedo a singlestraightacquisitorline.
Processingf this datawith techniquedasedn 2-D wave propagatiordoesnotyield
satishctoryresultshecausé¢he (sphericalgeometricabpreadingn thedatacausedy
the 3-D earthdoesnot agreewith the cylindrical (i.e., line source)spreadingmplied
by the 2-D wave equation.The problemcanbedealtwith by assuminghe subsuréce
to beinvariantin the off-line direction. This symmetryis calledto be2.5dimensional.
Apartfrom thegeometricaspreadinghepropertiesnvolveddonotdependntheout-
of-planevariableandcanbe computedwith 2-D techniquesThegeometricabpread-
ing is splitinto anin-planepartthatis equalto the 2-D spreadingandan out-of-plane
contribution. For thedescribedymmetrythe productof bothequalghespreadingn a
true 3-D medium. We determineghe out-of-planespreadingalongwith the migration
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weightfunctionsfrom traveltimesonly. The actualexpressionandits derivationare
givenin Appendiced andD.

For theexampletheonly inputdatausedwerethevelocity modelandtraveltimescom-
putedwith afinite-differenceeikonal solver (Vidale, 1990)usingthe implementation
of (Leidenfrost,1998)andstoredon a coarsegrid of 50min eitherdirection. These
wereusedto computethe migrationweightsaswell asto interpolatethe diffraction
traveltimeson a fine migration grid of 5m in z-direction. Traveltimeswere inter-
polatedusing the hyperbolicapproximationas describedn (Vanelleand Gajavski,
2000a).The migrationweightswerealsocomputedusingthe coeficientsdetermined
from the hyperbolicapproximation.

Thevelocity modelwe usedhasa planereflectorwith aninclinationangleof 14°. The
velocity is 5km/sin the upperpart of the modeland 6km/sbelav the reflector The
reflectordepthunderthe sourceas 2500m.Raysyntheticseismogramwerecomputed
for 80 receverswith 50m distancestartingat 50m from the point source. Figure 1
shawvs the migrateddepthsection. The reflectorwas migratedto the correctposition
andthesourcepulse,a Gaborwavelet,wasreconstructedSincetherearenotransmis-
sion lossescausedy the overburden,the amplitudesof the migratedsectionshould
coincidewith thereflectioncoeficients. Figure2 shows the accordancéetweeram-
plitudespicked from the migratedsectionin Figure 1 with theoreticalvalues. Apart
from the peaksat 900mand2500mdistancehetwo curvescoincide. Thesepeaksare
apertureeffectscausedy thelimited extentof thereceverline.
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Inclined reflector: migrated depth section

Figurel: Migrateddepthsection.Thereflectorwasmigratedto the correctdepthand
inclination. The sourcepulsewascorrectlyreconstructed.



219

Inclined reflector: reflection coefficients
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Figure2: Solidline: pickedreflectioncoeficientsfrom the migratedsectionin Figure
1, dashedine: analyticalvaluesfor thereflectioncoeficients.

CONCLUSIONS

We have presentedh methodfor the determinatiorof weightfunctionsfor anampli-
tude preservingmigration. Traveltimeson coarsegrids arethe only necessarynput
data. Sinceevery requiredquantity canbe computednstantlyfrom this coarsegrid
dataalonethetechniques very efficientin computationatime andstorage Dynamic
ray tracingis notrequired.lt is particularlysuitedto be usedin connectiorwith tech-
niquesfor traveltime computatiorthat candirectly provide coarsegriddeddata,lik e,
e.g.thewavefrontconstructiormethodwhich doesnotrequireafine grid for sufficient
accurag of traveltimeas,e.g.,FD eikonalsolversdo. Theexamplesshav goodaccor
dancebetweerthereconstructedeflectorsandtheoreticalvaluesin termsof position
aswell asin amplitudes.This demonstratealsothe applicabilityof the methodto the
specialsituationof 2.5-D symmetry
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APPENDIX A

Theweightfunctionin equation(4) containsthe Hessiarmatrix of the differencebe-
tweendiffraction(rp) andreflection(rg) traveltimes.To write H in termsof second
deriativesof traveltimeswe will now derve expressiondor 7, and i containing
first and secondderiatives. Consideran arbitrary velocity model. Let sourcesbe
positionedin a referencesuriacethat we will denotethe sourcesurface. If the re-

sultingtraveltime field for a sourceat the positionj is single-\alued,the traveltime
7(Z,Z') from a point Z in the sourcesurfaceandin a nearvicinity of Z, to a subsur
facepointZ’ nearz |, canbe expressedy a Taylor seriesprovidedthataz = ¥ —

andaz’ = 7' — &} aresmall, the size of this small vicinity dependsn the model
underconsideratiorandtherequiredaccurag. For a multi-valuedtraveltimefield the
Taylor expansionis valid if the differentbranchesf the traveltime curve aretreated
separatelyAs ¥ andz lie in onesurfacethetraveltimesareexpandednto thesurface
in thisvariable.We alsoexpandr into asurfacein Z’, thiswill bethereflectorsurface,
or, morepreciselythereflectorstangeniplaneat | if Z' is onacurvedreflector The
traveltime expansionooksasfollows:

1 A 1 N N
(%, %) = 19 — paZ + p'ad’ — EAfTSAf + EAf'TgAIZ‘" —aZ'Naz'  (A-1)

wherethefirst ordertraveltimederivatives

L r— =12 A-2
i oz | pi= 3 (1,5 =1,2) (A-2)

Zo,T v 1%0,T
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arethe slownessvectorsat ¥ and ', respectiely. The secondorderderivativesare
givenby thematricesS, G and\ with

A o*r 5 0*r ~

§,=— G, = 2T and N =— 27

“ axzax] L " &rgax’ Lo, Y 0x;0x"; | .
Z0,Z o J Z0,T

We will now derive expressionsn termsof (A-1) for diffraction andreflectiontrav-
eltimesasneededor the weightfunctions. Sincer (%, Z2) = 7(Z2,Z;) we canuse
(A-1) twice for the down- andupgoingbrancheof the reflectiontraveltime 7z and
thediffractiontraveltimerp. Similar asfor the sourcesve assumehereceversto be
placedin arecever surface. Sourcecoordinatesvill be denotedby 3, receversby g
andsubsurécepointsby 7. Thetraveltimesfor thebranchfrom s'to 7' is

= — -

1 A 1 A .
1 (g, 7“) = Tp1 — P1AS +ﬁI1A77— §A§T81A§+ iATT’TglAF —AgTNlAF (A-4)
andfrom g to
> T T o S TR

To(g, T) = Too — PoAG + PoAT — 549 Song + T GoaT —ag Noa? . (A-5)
Thesumsof equationgA-4) and(A-5) giveusrp andrg. Forthediffractiontraveltime

thediffractorpositionis fixedatr, andthuswith A7=0 we get(ry = 791 + 7o2)

— - — — ]' T A& — 1 ST A —

Tp = Ty — P1AS — PoAG — iAS N iAg Song . (A-6)

For thereflectiontraveltime we musttake into accounthatvariationof sourceand/or
recever positionswill resultin adifferentreflectionpoint. Aiming for anexpression
containingas andag only, we make useof Snell'slaw statingthatp”, + p’, = V,Tr =
0. Thiswe cansolve for 7 andeliminatea7 from the sumof (A-4) and(A-5) resulting
in

1 14 1 .
TR = Top — P1AS — Por] — §A§T5A§+ §A§TQA§ —A5TNAG (A-7)

whereweintroducedhefollowing matricedo bring (A-7) into thesamdorm as(A-1):

S S+ NG+ Go) TN

g = =S —MN (G + g2)_1N2T

N = M(Gi+G) N, . (A-8)
APPENDIX B

To computethe weightfunctionsin equation(5) we needthe matricesS, G andA. In
(Vanelleand Gajenski, 2000a)we presented hyperbolictraveltime expansionsim-
ilar to the parabolicexpansionin (A-1) but with respecto threespatialcoordinates
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insteadof anexpansionnto referencesurfaces.The proceduref determininghecor-

responding3-D slownessvectorsp andp’ and matricesS, G and A from multi-fold
traveltime datasampledon a coarsecartesiangrid is describedn detail in (Vanelle

andGajevski, 2000a)aswell asin (Gajevski, 1998). OnceS g and/\/ areknown,
the desired2x 2 matricesS, G and N canbe computedby projectingthemfrom the
cartesiarcoordinatesnto thereferencesurfaces.Sincewe assume velocity modelto
computetraveltimes,we canalsomake useof this to extractthereflectorpositionand
geometryfromiit.

In a situationwith a 2.5-D symmetryas consideredn the numericalexamplesthe
componentf the slownessvectorsp, 5’ andsecondorderderiative matricesS, G
and N simplify. Let the out-of-planedirection have index 2 — comcmdlng with

the y-axis of the cartesiamrsystemusedfor the determinatiorof S G and N — with
Yo = Sg0 = gog = Too they-positionof thesourcesandreceverlme. Thenwe have

N22‘yo: yy‘yoa g22|yo:gyy|yo and 522|yo:8yy‘yo . (B-1)

Fromthe symmetrywe caneasilyseethatthe y-component®f the slovnessesanish
at yo:
or

s |,,

or
ayr Yo

_ or
0y,

(B-2)

Yo

From this follows that the matricesS, G and N consistonly of diagonalelements.
Furthermorefor theyy- or 22-componentsve get

(B-3)

andthesignof Ny,| is positive;i.e.,sgn(Nsly,) = +1.

Yo
If the source-receer line is equalto the z-directionof the cartesiarsystemfrom the
inputtraveltimes,the11-componentarecomputedasfollows:

~
~

Ny, = Nm Ccos (p — J\/m sin ¢
G = gm coS ga-i-gzz sin? p — 2G.,, sin ¢ cos

N

311 = Sa:a: y (B'4)

where is the inclination angleof the reflectors tangentplaneagainstthe source-
receverline (z-coordinate).

APPENDIX C

Equation(5) containghegeometricaspreadingC whichwe will now expressn terms
of traveltime dervatives. Equation(A-1) is equivalentto the paraxialray approxima-



224

tion introducedby (Bortfeld, 1989).(Hubraletal., 1992)givethenormalizedgeomet-
rical spreadingn termsof thematricesof secondrderderivativesof traveltimes.This

is
o L [cosascosag iz, , (C-D
Vs |det V|

wherethe anglesa;, o, arethe emegenceangleat 5, andtheincidenceangleat gj

andcanbedeterminedrom theslownessestthesepositions.x is theKMAH-index of

theray connectings’ andg.

For a 2.5-D situationwe find thatdet N = N, - Noy (seeAppendixB) andtherefore
expressionC-1) canbereducedo the simpleform

cosagzcosa, 1 itk
2

N

Thisresultis nosurprisesince(Bleistein,1986)foundtherelationshigbetweertheout-
of-planespreadingcommonlydenotediy o andthesecondrdertraveltimederivative
in out-of-planedirection. Thuswe have

(C-2

1

-/\722
Sofar, however, it wascommonpracticeto determinghe out-of-planespreadingrom
theintegralalongtheray from # to '

o= /dsv (C-4)

with s beingthe arclengthandv the velocity. We computethis quantityfrom travel-
timesanddo nothave to traceraysto determines.

(C-3

o

APPENDIX D

Equationg(4) and (5) are expressiondor weightfunctionsif the diffraction stackis
carriedout over the aperturen &; andé&,. Sincein the 2.5-D casewe have only data
from a single acquisitionline (assumedo coincidewith the & coordinate)we only
integrateover &;. In this casewe have U (&, &,,t) = U(&, &5, t) wherethe asterisk
denoteghestationarypoint. Insertingtheaccordingexpressiorfor theinputtracey?2)
into the stackintegral (1) thenleadsto

RA OF()

v =~ [ ae [ acwane g0 % 2

(D-1)
T (€1,€2,M)

Carryingouttheintegrationover &, following (Martinsetal., 1997)we get

VD) = = [ d6 Wasn (61,6, SV (€Lt +70(60,6. M) (02
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with the function f[U(t)] correspondingo a v/iw filter operationin the frequenyg
domain(commonlycalledhalf derivativg. The2.5-Dweightfunction

) e 1 (D-3)
13

canbe evaluatedusingthe resultsfrom the previous sections. We will now express
theinvolvedquantitiesn termsof traveltime dervativesandapplythe simplifications
from the2.5-D symmetry We find

o=

827'13

083

W2.5D(£1:£;: M) = W3D(§la€;ﬂ M) (

/T TT7)2 / \/ 2
detHp = (det[NI ?4_/\[2 ) = (/\/’1132 +A[211F) (th +N222) , (D-4)
det[gl + g2] glll + g211

wherethefirstindex denoteghefirst or secondoranchof thetraveltimecurve andthe
seconddoubleindex labelsthe correspondingnatrix element. For the out-of-plane
spreadingve have

827D

~ ~ ~ ~ 1
CIDl =8, — Sy = Ny, + Ny, = = D-5
85% 122 222 i) + 222 o ( )

13

For thespreadingf thereflectedray we get

Lo \/(Wcosag J gin +A9211 \lNlAm +;/V‘222 e—i%n . (D-6)
Vs Nlu N211 Nl” N222

Theresultingexpressiorfor the 2.5-Dweightfunctionis then

Vesasaosay [N, S+ N T [, + Now iz 2nsgnite1)

Us \/./\A/'lu./\Afgn N122~/\7222 ( )
D-7

We canfurtherinsertthekKMAH indicesk; andk, of thetwo ray branchesvith (Schle-
icheretal., 1993)

W2.5D (gla g;a M) =

sgnHp
;)
Thek; arenotdeterminedrom thetraveltimesthemselesbut we canuseasuitableal-
gorithmfor computingtraveltimes,asfor examplethe wavefrontconstructiormethod
in theimplementationntroducedby (ComanandGajenski, 2000)that outputsmulti-
valuedtraveltimessortedfor theKMAH index.

K1+ kg =K — (1— (D-8)



