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ABSTRACT

To carry out a 3-D prestack migrationof theKirchhoff typeis still a taskof enormous
computationaleffort. Its efficiencycanbesignificantlyenhancedby employinga fast
traveltimeinterpolationalgorithm. High accuracy can be achievedif secondorder
spatialderivativesof traveltimesare takeninto accountto acknowledge thecurvature
of thewavefront. Wesuggesta hyperbolictraveltimeinterpolationschemethatallows
for thedeterminationof thehyperboliccoefficientsdirectly fromtraveltimessampled
on a coarsegrid, thus reducingthe requirementsin data storage. Theapproach is
closelyrelatedto theparaxial ray approximationandcorrespondsto an extensionof
thewell-knownÜ�ÝTÞáßàÝ methodto arbitraryheterogeneousandcomplex mediain 3-D.
Applicationto variousvelocitymodelsincludinga 3-D versionof theMarmousimodel
confirmsits superiorityto the popular trilinear interpolation. This is especiallythe
casefor regionswith a strongcurvature of the local wavefront. Contrary to trilinear
interpolationour methodalsoprovidesthepossibilityto interpolatesourcepositions,
which is a factor 5-6 fasterthanthecalculationof traveltimetablesusinga fastfinite
differenceseikonalsolver.

INTRODUCTION

Using finite differenceeikonal solversor the wavefront constructionmethod(for an
overview of both,see(Leidenfrostetal.,1999))traveltimetablescanbecomputedef-
ficiently. This is onefoundationfor thesummationstackalongdiffractionsurfacesfor
aKirchhoff typemigration.For a3-D prestackdepthmigration,however, tremendous
amountsof traveltimesareneeded:finegriddedtraveltimemapsarerequiredfor avast
numberof sources.Theneedin computationaltime aswell asin datastoragecanbe
significantlyreducedby usingfastandaccuratetraveltimeinterpolationroutinessuch
thatonly few original traveltimetablesmustbecomputedandstoredon coarsegrids,
whereasfastinterpolationis carriedoutontothefinermigrationgrid.
In 1982,Ursin introducedahyperbolicapproximationfor reflectiontraveltimeswhere

1email: vanelle@dkrz.de

203



204

the wavefront curvaturematrix employed is determinedby dynamicray tracing. A
generalsecondorderapproximationof traveltimesin seismicsystemswasestablished
by (Bortfeld, 1989). His work is basedon the paraxialray approximationand can
be usedto interpolatetraveltimesfor sourcesandreceiverswhich arelocatedin the
borderingsurfacesof the seismicsystem.(Schleicheret al., 1993)link the Bortfeld
theoryto theray propagatorformalismandintroducea hyperbolicvariantof paraxial
traveltimeinterpolation.Both methodsare,however, restrictedto sourceandreceiver
referencesurfacesandrequiretheapplicationof dynamicray tracing.(Mendes,2000)
suggeststraveltime interpolationusing the Dix hyperbolicequation. Sincethe Dix
equationis only valid for horizontallylayeredmedia,this techniqueis not justifiedfor
othermodels.(Brokesová,1996)statesthesuperiorityof theparaxial(parabolic)inter-
polationcomparedto linearandFourier(sinc-)interpolationof traveltimes.(Gajewski,
1998)notonly findsthehyperbolicvariantof paraxialapproximationto befarsuperior
to trilinear interpolationbut alsointroducesa techniqueto determinetheinterpolation
coefficientsdirectly from traveltimes,thereforeproviding a meansto avoid dynamic
raytracing.Thealgorithmis, however, restrictedto horizontalinterpolation.Although
the procedurecanbe repeatedfor vertical receiver lines this doesnot allow for data
reductionontoverticalcoarsegrids.
Themethodof traveltimeinterpolationthatwepresentin thispaperisneitherrestricted
to laterallyhomogeneousmedianor to interpolationin referencesurfacesrespectively
horizontallayersonly. We overcomethe latter problemby introducinga technique
to computealsocoefficientsfor vertical interpolation. With all propertiesbeingde-
terminedfrom traveltimesonly our methodcorrespondsto an extensionof the well
known Ü Ý Þâß Ý techniqueto arbitraryheterogeneousmedia.No dynamicray tracing
is necessary.
Following thederivationof theparabolicandhyperbolictraveltimeexpansionin 3-D
we give a detaileddescriptionof the implementationof our algorithm. Interpolation
coefficientsaredeterminedfrom coarsegriddedtraveltimesincludingcoefficientsnec-
essaryfor vertical interpolation. We thendemonstratethe quality of our methodby
applyingit to a varietyof velocity modelsrangingfrom examplesfor with analytical
solutionsareknown to a 3-D extensionof thehighly complex Marmousimodel. We
compareour resultsfor bothparabolicandhyperbolicinterpolationto trilinear inter-
polationin accuracy andperformance.We alsoinvestigatetheinfluenceof thesizeof
thecoarsegrid spacingandthebehaviour in the vicinity of non-smoothzonesin the
traveltimedata.Wesummarizetheresultsin theconclusionsandgiveanoutlook.

TRAVELTIME EXPANSION

The following considerationsarebaseduponthe existenceof first ordercontinuous
derivativesfor the velocities. For the traveltimefields continuousderivativesof first
andsecondorderare required. Traveltimesthat satisfy theseconditionscanbe ex-
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pandedinto a Taylor seriesuntil seconddegree. Provided that the distanceto the
expansionpoint is small,theTaylorseriesyieldsagoodapproximationfor theoriginal
traveltime function. Thesizeof the vicinity describing'small' distancesdependson
thescaleof velocityvariationsin theinputmodel.
For the 3-D case,the Taylor expansionhasto be carriedout in 6 variables: the 3
componentsof the sourcepositionvector ãäÒåçæèä�égê�ä Ý ê�ä¶ë�ì�í andthoseof the receiver
position ãî�åïæðî�é�ê×î Ý ê×î�ë�ì í . Thevaluesof ãä and ãî in theexpansionpoint are ãä¶ñ and ãî�ñ
with thetraveltime ò ñ from ãä¶ñ to ãî�ñ . Thevariationsin sourceandreceiverpositionsóµãä
and ó¿ãî aresuchthat ãä�å ãä�ñõô óµãä and ãîzå ãî�ñNô ó¿ãî . TheTaylorexpansionfor ò æ ãä�ê ãîZì up
to secondorderis

ò æ ãä	ê ãîZìöå ò ñ Þ÷ãøùñ óµãäÎô ãú²ñ óqãî Þµóµãä í ãû óqãî Þ�üý óµãä í ãþ ó¿ãäÿô üý óqãî í ã� ó¿ãî ô���æ��	ì (1)

with theslownessvectorsat ãä¶ñ and ãî�ñ
øùñ���å Þ � ò� ä�� 					�
���� 
�� ú²ñ��õå � ò� î�� 					�
���� 
�� � (2)

Thesecondorderderivativesaregivenby thematrices ãþ , ã� and ãû with

ãþ ���qå Þ � Ý ò� ä�� � ä�� 					�
�  � 
�  ê ã� ���¿å � Ý ò� î�� � î�� 					�
�  � 
�  ����� ãû ���qå Þ � Ý ò� ä�� � î�� 					�
�  � 
�  � (3)

Equation(1) describestheparabolic traveltimeexpansion.
Sinceweknow thatdiffractiontraveltimescanbeexpressedby hyperbolaeratherthen
by parabolae(e.g.,(Ursin, 1982),(Schleicheret al., 1993))we will now derive a hy-
perbolicexpressionfor ò æ ãä	ê ãîZì . Insteadof expanding ò æ ãä�ê ãîZì we expandits square,ò Ý æ ãä	ê ãîZì , againuntil secondorder. Applying the chainrule andthe abbreviations(2)
and(3) leadsto

ò Ý æ ãä	ê ãîZì�å æ ò ñ Þ�ãø�ñ ó¿ãä�ô ãú�ñ ó¿ãîZì Ý ô ò ñ! Þ ý óµãä í ãû ó¿ãî Þ�ó¿ãä í ãþ óµãä�ô óqãî í ã� óqãî#" ô$�Òæ%��ì �(4)
This equationis thehyperbolictraveltimeexpansion.Thesameresult(4) canbeob-
tainedby squaringequation(1) andneglectingany termsof higherspatialorderthan
two, correspondingto a Taylor expansionof (1). This approachwasusedby (Schle-
icheret al., 1993).Pleasenotethatfor thederivationof (1) and(4) no assumptionon
themodelwasmade.Thereforetheseexpressionsnotonly applyto 3-D heterogeneous
mediabut evento anisotropicmedia.
A similar resultfor reflectiontraveltimeswaspresentedby (Ursin,1982)and(Gajew-
ski, 1998). Gajewski considersa CMP-situationwith &ðãä & å Þ'& ãî & å)( Ý ashalf offset
coordinatefor a laterallyhomogeneouslayeredmedium.Usingthezerooffsetrayandã� å Þ ãþ leadsto ò Ý å ò Ýñ ô üý ò ñ ãû+* Ý å ò Ý ô * Ý, Ý-/.10 � (5)
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Figure1: Determinationof thecoefficients ú²ñ�= and ã� =�= : traveltimes ò ñ from ãä¶ñ to ãî�ñ ,ò é from ãä¶ñ to ãî�ñ Þµó î�= and ò Ý from ãä¶ñ to ãî�ñ�ô ó î�= arerequired.

Themove-outvelocity , -/.10 å?> ýA@ ò ñ ãû is agoodapproximationfor theRMS-velocity
of theDix formula. Thereforeour techniquecanbeconsideredto beanextensionof
thewell known Ü�ÝöÞâßàÝ -methodto arbitrary3-D heterogeneousmedia.

IMPLEMENT ATION

Equations(1) and (4) statethat for small variationsof óµãä and ó¿ãî traveltimescan
be interpolatedwith high accuracy if the accordingcoefficient setsareknown. This
meansthat we can not only interpolatein betweenreceivers but also in between
sources. (Ursin, 1982) has presentedexamplesfor coefficients determinedfrom
ray tracing. We can, however, use(1) and (4) not only for interpolationbut also
for the determinationof the coefficients if traveltimes for certain source-receiver
combinationsaregiven. Sincewe aim for migrationsuchdataareavailable. We will
now demonstratehow to obtainthecoefficientsfrom traveltimessampledon a coarse
grid. Subsequentinterpolationontotherequiredfinegrid canthenbecarriedout.
In thefollowing wewill referto cartesiangridsfor bothsourceandreceiverpositions.
Sourcesare locatedin the 5 - B -planewith 5 , B and 4 correspondingto the indices
1,2 and3 of the previous section. To determinethe slownessvectors ãø�ñ and ãú²ñ as
well asthe secondorderderivative matrices ãþ , ã� and ãû , we needtablescontaining
traveltimesfrom thesourceto eachsubsurfacepoint for eightneighbouringsourcesof
thesourceunderconsiderationat ãä¶ñ (for a2D modelthenumberof additionalsources
reducesto two). Theseadditionalsourcesareplacedon the 5 - B -grid with a distance
to the centralsourcethat coincideswith the coarsegrid spacingó 5 and óCB . Please
notethat the methodis not restrictedto cubicalgrids. Thecomponentsof ãø�ñ , ãþ andãû carryingindices5 and B only aredetermineddirectly from thetraveltimetables,as
areall elementsof ãú�ñ and ã� .

To giveanexample:to computeú�ñ�= and ã� =�= weneedonly thetraveltimesò ñ , ò é and
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ò Ý asthey areshown in Figure1. We insert ò é and ò Ý into theparabolicexpansion(1)
respectively. Building the sumandthe differenceof the resultingexpressionsyields
thefollowing result:

ú²ñ�= å ò Ý Þâò éý ó î�= ���9� ã� =�=�å ò é ô ò Ý Þ ý ò ñó î Ý= � (6)

For thehyperbolicform wefind asimilarsolution.Insertingò é , ò Ý andò ñ into (4) leads
to ú�ñ�=wå ò ÝÝ Þâò ÝéD ò ñ ó î�= ���9� ã� =�= å ò ÝÝ ô ò Ýé Þ ý ò Ýñý ò ñ ó î Ý= Þ ú Ýñ�=ò ñ � (7)

The B - and 4 -componentsof ãú�ñ and ã� canbe found in the sameway by varying î�E
respectively î�F . Varyingboth î�= and î�E leadsto ã� =�E ; ã� E�F and ã� F�= follow accordingly.
Thedeterminationof the 5 - and B -componentsof ãþ and ãø�ñ is straightforward: instead
of varyingthereceiverpositionweusedifferentsourcepositions.For the 5G5 -, BHB -, 5 B -
and B 5 -componentsof ãû bothsourceandreceiverpositionshaveto bevaried.But this
doesnotyetgiveusthe 4 -components.Unlesswecomputealsotraveltimesfor sources
at differentdepths– which we do not intendto – anotherapproachis needed.At this
pointwemakeuseof theeikonalequationto expressthe 4 -componentof theslowness
vector ãø�ñ as ø�ñ�FqåJI ü, Ý� Þ ø Ýñ�= Þ ø Ýñ�E (8)

where , � is thevelocity at thesource,providedthat thesourcelies in the top surface
of themodel.Otherwisewehave to insertasignin (8). Sincesecondordertraveltime
derivativesarealsofirst orderderivativesof slownesseswecanrewrite ãþ and ãû to

ãþ ���¿åLK � ø��� ä��HM 
��N� 
�� ����� ãû ��� å Þ K � ú/�� ä��OM 
�%�� 
�� åLK � ø9�� î��#M 
���� 
�� � (9)

If wenow substituteø�ñ�F in equation(9) by (8)wecancomputethesecondorderderiva-
tivesof ò with respectto ä�F and î�F from thealreadyknown 5 - B -matrix elementsand
derivativesof thevelocity. Sinceweassumethevelocityfield to besmooth,theveloc-
ity derivativescanbedeterminedwith a secondorderFD operatoron thecoarsegrid.
To giveanexamplethematrixelement ãþ =OF canbeexpressedby , � , ãþ =�= and ãþ =�E as

ãþ =OF å Þ ü, ë� ø�ñ�F � , �� ä�= Þ ø�ñ�=ø�ñ�F ãþ =�= Þ ø�ñ�Eø�ñ�F ãþ =�E � (10)

Thisexpressionwill notyieldaresultfor ãþ =OF if ø�ñ�F equalszero.Thiscasehas,however,
no practicalrelevancefor the applicationsthat the methodwasdeveloppedfor. The
derivationof theremaining4 -componentsof ãþ and ãû is straightforward.
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Table1: Medianrelativeerrorsfor thehomogeneousvelocitymodel.

Interpolation: originalsource: shiftedsource:
hyperbolic: 10PHQ % 10PHQ %
parabolic: 0.014% 0.023%
trilinear: 0.401% not available

EXAMPLES

Our first exampleis a modelwith constantvelocity. We usedanalyticaltraveltimesas
input data. Thereforeerrorsareonly dueto the methoditself andpossiblyroundoff
errors. The examplemodel is a cubeof 101R 101R 101 grid points with 10m grid
spacing. The sourceis centeredin the top surface. Input traveltimeswere given
on a cubical 100m coarsegrid. The distancesin sourceposition were also 100m
in either direction. Coefficients were computedfor both hyperbolicand parabolic
variants. For eachvariant interpolationonto a 10m fine grid wascarriedout twice:
for the original sourceposition and for a sourceshifted by 50m in 5 and B . Both
werecomparedto analyticdata.Theresultingrelative traveltimeerrorsaredisplayed
in Figure 2. They are summarizedin Table 1 togetherwith resultsfor a trilinear
interpolationusing the 100mcoarsegrid traveltimesas input data. A layer of 50m
depthunderthesourcewasexcludedfrom thestatistics.We find thehyperbolicinter-
polationsuperiorto theparabolicvariant.Bothexceedthetrilinearinterpolationby far.

We usemedianerrors,not meanerrors.This is dueto thestability of themedian
concerningoutliers.Therefore,themedianerroris a morereliablevaluecomparedto
themeanerror.
Thesecondmodelis againanexamplewheretheanalyticalsolutionis known. It has
a constantvelocity gradientof

� , @ � 4 =0.5sP é andthevelocity at thesourceis 3km/s.
Thesourcepositionsanddimensionsarethesameasin thefirst example.Theresults
areshown in Figure3 andin Table2. As before,a layerof 50mdepthunderthesource
wasexcludedfrom thestatistics.Again we find thehyperbolicresultsbetterthanthe
paraboliconesandbothfarsuperiorto trilinearinterpolation.Thedifferencein quality
betweenhyperbolicandparabolicinterpolationis lessthanfor the constantvelocity
model. Thereasonis that for a homogeneousmediumthehyperbolicapproximation
is equalto theanalyticresult.

The constantvelocity gradientmodelwas alsousedto investigatethe influence
of the coarsegrid spacingon the accuracy. Traveltime interpolationwascarriedout
for coarsegrid spacingsrangingfrom 20 to 100m using hyperbolic,parabolicand
trilinear interpolation. The fine grid spacingremainedfixed at 10m. The resulting
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Figure2: Relative traveltimeerrorsfor a homogeneousvelocity model. Top: errors
usingthehyperbolicinterpolationif only receiversareinterpolated(left) andfor both
sourceandreceiver interpolation(right). Isochronesaregivenin seconds.Bottom: the
sameasabove but usingtheparabolicvariant.Therelative errorsnearthesourceap-
pearexaggeratedbecausetherethetraveltimesareverysmall.Pleasenotethedifferent
errorscales.

errorsaredisplayedin Figure4. We find thesamequality relationbetweenthethree
interpolationschemesasbeforeand,asexpected,theaccuracy increasingfor smaller
coarseto finegrid ratio.

The reasonfor the muchhigheraccuracy of the parabolicandhyperbolicinter-
polation is obviously that trilinear interpolationneglects the wavefront curvature.
Unlike in thepreviousexamplesthis is not only a problemin the near-sourceregion
but anywherewherewe find locally higherwavefront curvatures.This is especially
verycommonfor morecomplex velocitymodels,whichweconsiderin thefollowing.
We now applyour methodto a 3-D extensionof theMarmousimodel(Versteeg and
Grau,1991). Input traveltimeswerecomputedwith a 3-D-FD eikonal solver using
the (Vidale, 1990)algorithm. The coarsegrid spacingwas125m,the fine grid was
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Table2: Medianrelativeerrorsfor theconstantvelocitygradientmodel.

Interpolation: originalsource: shiftedsource:
hyperbolic 0.002% 0.001%
parabolic 0.009% 0.015%
trilinear 0.282% not available

12.5m. The amountof computationaltime necessaryto carry out the hyperbolic
interpolationfor oneshot is 14% of the time neededby the Vidale algorithm. The
parabolicinterpolationis only very slightly faster, it needs13%of thetime necessary

0.5

1

z 
[k

m
]

-0.5 0 0.5
y [km]

-0.5

0

0.5

Gradient model: non-shifted source

0 1 2
Rel. trilinear traveltime error [%]

0.2

0.25

0.3

0.35

0.5

1

z 
[k

m
]

-0.5 0 0.5
y [km]

-0.5

0

0.5

Gradient model: non-shifted source

0 0.1 0.2
Rel. parabolic traveltime error [%]

0.2

0.25

0.3

0.35

0.5

1

z 
[k

m
]

-0.5 0 0.5
y [km]

-0.5

0

0.5

Gradient model: non-shifted source

0 0.01 0.02
Rel. hyperbolic traveltime error [%]

0.2

0.25

0.3

0.35

Figure3: Relativetraveltimeerrorsfor aconstantvelocitygradientmodel.Left: errors
usingthe hyperbolicinterpolation(non-shifted).Middle: the samefor the parabolic
interpolation.Right: asbeforebut with trilinearinterpolation.Pleasenotethedifferent
errorscaleson theplots.
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stantvelocity gradientmodelshown for trilinear (dottedline) parabolic(dashedline)
andhyperbolicinterpolation(solid line). The plot is displayedtwice usingdifferent
scalesto illustratethedifferences.
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for Vidale.Theresultinginterpolatedtraveltimeswerecomparedto referencedatafor
the fine grid obtainedfrom the sameVidale scheme.The relative traveltime errors
for thehyperbolicinterpolationareshown in Figure5. A layerof 62.5mdepthunder
thesourcewasexcludedfrom thestatistics.We find a medianerrorof 0.025%.The
parabolicvariantyieldsa medianerrorof 0.026%(not shown here).Comparedto the
genericmodelsboth interpolationsyield similar quality. The reasonis that for more
complex modelserrorsdueto thedifferentalgorithmsaredominatedby errorscaused
by thequalityof theinput data,i.e., insufficientaccuracy andparticularlysmoothness
of theinput traveltimes.
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Figure5: Relative traveltimeerrorsfor theMarmousimodelusinghyperbolicinterpo-
lation. Isochronesaregiven in seconds.The correlationof errorsand'kinks' in the
isochronesis clearlyvisible. Thearrow at the1.2sisochroneindicatesa highererror
areathatis causedby badqualityof theinputtraveltimes(dueto adeficiency of theFD
implementationused).Thiscanbecompensatedby smoothingtheinput traveltimes.

In the last examplewe find errors in the vicinity of 'kinks' in the isochrones.
Theseindicatetriplicationsof the wavefronts. The resultingerrorsare no surprise
becausethe assumptionof smoothtraveltimesdoesnot hold anymore. The reason
is thata triplication consistsof wavefrontsbelongingto two differentphases.These
mustbe interpolatedseparately. Theobvioussolutionto overcomethis problemis to
employ later arrivals in the input traveltimeschemeandto apply our methodto first
andlaterarrivalsseparately.
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CONCLUSIONS

We havepresenteda methodfor theinterpolationof traveltimeswhich is basedon the
traveltimedifferences(i.e.,move-out)betweenneighbouringsourcesandreceiversof
a multi-fold experiment.Theinterpolationhasa high accuracy sinceit acknowledges
the curvatureof the wavefront and is thusexact to the secondorder. Although for
complex modelsparabolicinterpolationyieldshigh accuracy we recommendtheuse
of hyperbolictraveltimeexpansion.This commendationis supportedby the generic
examples. Both hyperbolicandparabolicvariantsare,however, far superiorto the
popular trilinear interpolation. The differencein computationaltime for the three
variantsis insignificant.
One importantfeatureof our techniqueis its possibility to interpolatefor sources,
not only for receivers. The fact that all necessarycoefficientscanbecomputedon a
coarsegrid leadsto considerablesavings in time andmemorysincetraveltimetables
for lesssourcesneedto begeneratedaswell askept in storage.If we use,e.g.,every
tenthgrid point in threedimensions,this correspondsto a factorof 10S lessin storage
requirementfor interpolationof shotsandreceivers.As themethodis not restrictedto
cubicalgridsthecoarsegrid spacingcanbeadaptedto themodelunderconsideration.
Ourmethodis bestcombinedwith techniquesfor computingtraveltimetablesfor first
and later arrivals on coarsegrids, like the wavefront constructionmethod(i.e., ray
tracing). Most finite differenceeikonalsolvers(FDES)do not allow thecomputation
of traveltimeson coarsegrids sinceit reducesaccuracy to an unacceptabledegree.
Moreover, FDESprovidefirst arrivalsonly.
In the examplespresentedisotropic modelswere assumed.Sinceno assumptions
on the modelswere madewhen deriving the governing equations(1) and (4) the
techniquepresentedhere can also be applied to traveltimes tables computedfor
anisotropicmedia.
Sincethe matricesintroducedin this paperbeara closerelationshipto the matrices
employedin theparaxialray approximation(cf., e.g.,(Bortfeld,1989))our technique
can also be used to determinedynamic wavefield properties. This leads to the
determinationof the completeray propagatorfrom traveltimesonly which can be
usedfor varioustasksincluding the computationof geometricalspreading(leading
to an interpolationof Green's functions)or migrationweights(i.e., amplitudepre-
servingmigration)andtheestimationof Fresnelzonesandthereforeoptimizationof
migrationapertures.Unlike for the traveltimeinterpolationthehyperbolicexpansion
is significantlybettersuitedfor theseapplications.A detaileddiscussionwill begiven
in a follow-uppaper.
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