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ABSTRACT

To carry outa 3-D presta& migration of the Kirchhof typeis still a taskof enormous
computationakffort. Its efficiencycanbe significantlyenhancedy employinga fast
traveltimeinterpolationalgorithm. High accuracy can be achievedif secondorder
spatialderivativesof traveltimesare takeninto accountto acknowled@ the curvatue
of thewavefont. We suggesta hyperbolictraveltimeinterpolationschemethat allows
for the determinatiorof the hyperboliccoeficientsdirectly fromtraveltimessampled
on a coarse grid, thusreducingthe requirrmentsn data storage. The approad is
closelyrelatedto the paraxial ray approximationand correspondgo an extensionof
thewell-knownT™ — X? methodo arbitrary hetengeneousindcomplex mediain 3-D.
Applicationto variousvelocitymodelsncludinga 3-D versionof theMarmousimodel
confirmsits superiorityto the populartrilinear interpolation. Thisis especiallythe
casefor regionswith a strong curvatuee of thelocal wavefont. Contrary to trilinear
interpolationour methodalso providesthe possibilityto interpolatesouice positions,
which is a factor 5-6 fasterthanthe calculationof traveltimetablesusinga fastfinite
differenceseikonal solver

INTRODUCTION

Using finite differenceeikonal solversor the wavefront constructionmethod(for an
overview of both,see(Leidenfrostetal., 1999))traveltimetablescanbe computecef-
ficiently. Thisis onefoundationfor the summatiorstackalongdiffractionsurfacesor
aKirchhoff typemigration.For a 3-D prestackdepthmigration,however, tremendous
amountsof traveltimesareneededfine griddedtraveltimemapsarerequiredfor avast
numberof sources.The needin computationatime aswell asin datastoragecanbe
significantlyreducedoy usingfastandaccurateraveltime interpolationroutinessuch
thatonly few original traveltime tablesmustbe computedandstoredon coarsegrids,
whereadastinterpolationis carriedout ontothefiner migrationgrid.

In 1982,Ursinintroduceda hyperbolicapproximatiorfor reflectiontraveltimeswhere
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the wavefront curvature matrix employed is determinedby dynamicray tracing. A
generakecondrderapproximatiorof traveltimesin seismicsystemsvasestablished
by (Bortfeld, 1989). His work is basedon the paraxialray approximationand can
be usedto interpolatetraveltimesfor sourcesandreceverswhich arelocatedin the
borderingsurfacesof the seismicsystem. (Schleicheret al., 1993)link the Bortfeld
theoryto theray propagatoformalismandintroducea hyperbolicvariantof paraxial
traveltimeinterpolation.Both methodsare,however, restrictedto sourceandrecever
referencesurfacesandrequirethe applicationof dynamicray tracing.(Mendes2000)
suggestdraveltime interpolationusing the Dix hyperbolicequation. Sincethe Dix
equationis only valid for horizontallylayeredmedia,this techniquds notjustifiedfor
othermodels.(Brokesova, 1996)stateghesuperiorityof the paraxial(parabolic)nter
polationcomparedo linearandFourier(sinc-)interpolationof traveltimes.(Gajewvski,
1998)notonly findsthehyperbolicvariantof paraxialapproximatiorto befar superior
to trilinearinterpolationbut alsointroducesatechniqueo determingheinterpolation
coeficientsdirectly from traveltimes,thereforeproviding a meansto avoid dynamic
raytracing. Thealgorithmis, however, restrictedo horizontalinterpolation.Although
the procedurecan be repeatedor vertical recever lines this doesnot allow for data
reductionontoverticalcoarsegrids.

Themethodof traveltimeinterpolationthatwe presentn this papelis neithemrrestricted
to laterallyhomogeneoumedianor to interpolationin referencesurfacesrespectrely
horizontallayersonly. We overcomethe latter problemby introducinga technique
to computealso coeficientsfor vertical interpolation. With all propertiesbeing de-
terminedfrom traveltimesonly our methodcorrespondso an extensionof the well
known T? — X? techniqueo arbitraryheterogeneoumedia.No dynamicray tracing
iS necessary

Following the derivation of the parabolicandhyperbolictraveltime expansionin 3-D
we give a detaileddescriptionof the implementatiorof our algorithm. Interpolation
coeficientsaredeterminedrom coarsegriddedtraveltimesincludingcoeficientsnec-
essaryfor vertical interpolation. We then demonstratehe quality of our methodby
applyingit to a variety of velocity modelsrangingfrom examplesfor with analytical
solutionsareknown to a 3-D extensionof the highly complex Marmousimodel. We
compareour resultsfor both parabolicand hyperbolicinterpolationto trilinear inter-
polationin accurag andperformanceWe alsoinvestigateheinfluenceof the sizeof
the coarsegrid spacingandthe behaiour in the vicinity of non-smoottzonesin the
traveltimedata.We summarizeheresultsin the conclusionandgive anoutlook.

TRAVELTIME EXPANSION

The following considerationsre baseduponthe existenceof first ordercontinuous
derivativesfor the velocities. For the traveltime fields continuousderiativesof first
and secondorder are required. Traveltimesthat satisfy theseconditionscan be ex-
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pandedinto a Taylor seriesuntil seconddegree. Provided that the distanceto the
expansiorpointis small,the Taylor seriesyieldsagoodapproximatiorfor theoriginal
traveltime function. The size of the vicinity describing small' distanceslependsn
the scaleof velocity variationsin theinput model.

For the 3-D case,the Taylor expansionhasto be carriedout in 6 variables: the 3
component®f the sourcepositionvectors = (si, sy, s3) T andthoseof the recever
positiong = (g1, g2, 93) . Thevaluesof s andg in the expansionpointares, and g,
with thetraveltimer, from 3, to go. Thevariationsin sourceandrecever positionsas
andag aresuchthats = §, +a8 andg = go +ag. TheTaylorexpansiorfor 7(3, §) up
to secondorderis

. 1 . 1 5
7(8,4) = 70 — Pord + Gorng —ad T N'ag — §A§T5A§ + §AngAf] +03) Q)

with the slownessvectorsat 5, andgg

or or
Poi = — 5 qoi = 7 (2)
Si s & 891 PN
50,90 50,90
Thesecondbrderderivativesaregivenby the matricesS, G and A with
N o2 . o2 . 9?2
Sz’j:_a(;— ; gij:ﬁ and -N’ij:_# 3)
51955 130,50 9i995 150,30 51995 130,90

Equation(1) describeshe parabolictraveltime expansion.

Sincewe know thatdiffractiontraveltimescanbe expressedy hyperbolagatherthen
by parabolade.g.,(Ursin, 1982),(Schleicheret al., 1993))we will now derive a hy-

perbolicexpressionfor 7(s, g). Insteadof expandingr(s, g) we expandits square,
72(, §), againuntil secondorder Applying the chainrule andthe abbreiations(2)

and(3) leadsto

72(3,9) = (o—Poss+doag)*+ 1o (—288" Nag—as'Sas +a5'Gag) + O(3) .
4)
This equationis the hyperbolictraveltime expansion.The sameresult(4) canbe ob-
tainedby squaringequation(1) andneglectingary termsof higherspatialorderthan
two, correspondingo a Taylor expansionof (1). This approachwasusedby (Schle-
icheretal., 1993). Pleasenotethatfor the derivationof (1) and(4) no assumptioron
themodelwasmade.Thereforeghesesxpressionsiotonly applyto 3-D heterogeneous
mediabut evento anisotropianedia.
A similar resultfor reflectiontraveltimeswaspresentedby (Ursin, 1982)and(Gajen-
ski, 1998). Gajawski considersa CMP-situationwith [3| = —[g| = 7 ashalf offset
coordinatdor alaterallyhomogeneoukyeredmedium.Usingthezerooffsetray and
G = -8 leadsto
2 2o, 1 s 2 r’
TZTO+§T0N7“ =77+ — . (5)

nmo
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Figurel: Determinatiorof the coeficientsg, andg,,: traveltimesr, from 3, to iy
71 from §, to go—ag, andr, from 3, to go+ag, arerequired.

Themove-outvelocityv,,, = \/2/70/\7’ isagoodapproximatiorfor theRMS-welocity
of the Dix formula. Thereforeour techniquecanbe consideredo be an extensionof
thewell known T? — X?2-methodto arbitrary3-D heterogeneousedia.

IMPLEMENT ATION

Equations(1) and (4) statethat for small variationsof as and ag traveltimescan
be interpolatedwith high accurayg if the accordingcoeficient setsareknown. This
meansthat we can not only interpolatein betweenrecevers but also in between
sources. (Ursin, 1982) has presentedexamplesfor coeficients determinedfrom
ray tracing. We can, however, use (1) and (4) not only for interpolationbut also
for the determinationof the coeficients if traveltimesfor certain source-receer
combinationsaregiven. Sincewe aim for migrationsuchdataareavailable. We will
now demonstratéow to obtainthe coeficientsfrom traveltimessampledon a coarse
grid. Subsequenterpolationontotherequiredfine grid canthenbe carriedout.

In thefollowing we will referto cartesiargridsfor bothsourceandrecever positions.
Sourcesare locatedin the z-y-planewith z, y and z correspondingo the indices
1,2 and 3 of the previous section. To determinethe slownessvectorsp, and g, as
well asthe secondorderderivative matricesS, G and A, we needtablescontaining
traveltimesfrom thesourceto eachsubsurécepointfor eightneighbouringsourceof
thesourceunderconsideratiorat s, (for a2D modelthenumberof additionalsources
reducedo two). Theseadditionalsourcesare placedon the z-y-grid with a distance
to the centralsourcethat coincideswith the coarsegrid spacingaz anday. Please
notethatthe methodis not restrictedto cubicalgrids. The component®f ,, S and
N carryingindicesz andy only aredeterminediirectly from thetraveltimetables as
areall elementof g, andg.

To giveanexample:to computey, andg,, we needonly thetraveltimesr,, 71 and



207

T, asthey areshavn in Figurel. We insert; andr, into the parabolicexpansion(1)
respectrely. Building the sumandthe differenceof the resultingexpressiongields
thefollowing result:

— A —2
27N 4 G, = TNLT?—QTO . (6)
2 Ag, Ag;

Joz =

For thehyperbolicform we find asimilar solution.Insertingr;, 7, andr, into (4) leads
to

2 2 2 2 2 2
Ty —Tq 5 T, + T — 27 9oz
= and == - - == | 7
oz 47y AG, G 279 Agfc To (7)

The y- and z-componentf g, andG canbe foundin the sameway by varying Gy
respectiely g,. Varyingboth g, andg, leadsto G,,; G,. andg., follow accordingly
Thedeterminatiorof the z- andy-componentsf & andp, is straightforvard: instead
of varyingtherecever positionwe usedifferentsourcepositions.For thexzx-, yy-, xy-
andyz-componentsf A’ bothsourceandrecever positionshave to bevaried.But this
doesnotyetgive usthez-componentsUnlesswe computealsotraveltimesfor sources
at differentdepths- which we do notintendto — anotherapproachs needed At this
pointwe make useof the eikonalequatiornto expresghe z-componenbf theslowness
vectorp, as

1
Doz = 5 p%x - p%y (8)
US
whereuw; is the velocity at the source provided thatthe sourcelies in the top surface
of themodel. Otherwisewe haveto insertasignin (8). Sinceseconcrdertraveltime
derivativesarealsofirst orderderivativesof slownessesve canrewrite S and A to

Sij = op: and Nj; = — 04 _ [ 9pi ' ©
0s; /). . o s ). . ag )
J7 50,90 50,90 77/ 30,80

If we now substitutep,, in equation9) by (8) we cancomputehesecondrderderiva-
tivesof 7 with respecto s, andg, from the alreadyknown z-y-matrix elementsand
derwvativesof thevelocity. Sincewe assumehevelocity field to besmooth theveloc-
ity dervativescanbe determinedvith a seconcbrderFD operatoron the coarsegrid.
To give anexamplethe matrix elementS,, canbe expressedy v, Spe andey as

A 1 A A
5 _——%—@SM—%% . (10)

Thisexpressiorwill notyield aresultfor Sy if Do, equalszero.Thiscasehashowever,
no practicalrelevancefor the applicationsthat the methodwas developpedfor. The
derivationof theremainingz-component®f S and\ is straightforvard.
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Tablel1: Medianrelative errorsfor the homogeneouselocity model.

Interpolation:| original source:| shiftedsource:

hyperbolic: 10° % 10°%

parabolic: 0.014% 0.023%

trilinear: 0.401% not available
EXAMPLES

Our first exampleis amodelwith constantvelocity. We usedanalyticaltraveltimesas
input data. Thereforeerrorsare only dueto the methoditself and possiblyroundof
errors. The examplemodelis a cubeof 101x101x101 grid points with 10m grid
spacing. The sourceis centeredn the top surface. Input traveltimeswere given
on a cubical 100m coarsegrid. The distancesn sourceposition were also 100m
in either direction. Coeficients were computedfor both hyperbolicand parabolic
variants. For eachvariantinterpolationonto a 10m fine grid was carriedout twice:
for the original sourceposition and for a sourceshifted by 50min z andy. Both
werecomparedo analyticdata. Theresultingrelative traveltime errorsaredisplayed
in Figure 2. They are summarizedn Table 1 togetherwith resultsfor a trilinear
interpolationusing the 100m coarsegrid traveltimesasinput data. A layer of 50m
depthunderthe sourcewasexcludedfrom the statistics.We find the hyperbolicinter-
polationsuperiorto theparabolicvariant.Both exceedhetrilinearinterpolationby far.

We usemedianerrors,not meanerrors. This is dueto the stability of the median

concerningoutliers. Thereforethe medianerroris a morereliablevaluecomparedo
themeanerror.
The secondnodelis againan examplewherethe analyticalsolutionis known. It has
a constantelocity gradientof 9v/92=0.5s! andthe velocity at the sourceis 3km/s.
The sourcepositionsanddimensionsarethe sameasin thefirst example. Theresults
areshavnin Figure3 andin Table2. As before,alayerof 50mdepthunderthesource
wasexcludedfrom the statistics.Again we find the hyperbolicresultsbetterthanthe
paraboliconesandbothfar superiorto trilinearinterpolation. Thedifferencean quality
betweenhyperbolicand parabolicinterpolationis lessthanfor the constantvelocity
model. Thereasonis thatfor a homogeneoumediumthe hyperbolicapproximation
is equalto theanalyticresult.

The constantvelocity gradientmodel was also usedto investigatethe influence
of the coarsegrid spacingon the accurag. Traveltime interpolationwas carriedout
for coarsegrid spacingsrangingfrom 20 to 100m using hyperbolic, parabolicand
trilinear interpolation. The fine grid spacingremainedfixed at 10m. The resulting



209

y [km] y [km]
-04 -02 0 02 04 04 -02 0 02 04
0.4 0.4
0.2 0.2
02, & : 02 01 =
-0.4 7 -0.4
i, v v IR b
=3 =3
~ o.siv ™ °~6’\\/
v«; \—/0
O-B’V O8N L
Homogeneous model: non-shifted source Homogeneous model: shifted source
E— R T s x104
0 1 0 1
Rel. hyperbolic traveltime error [%] Rel. hyperbolic traveltime error [%]
y [km] y [km]
2 0 -04 -02 0 02 04

02 04
>

z [km]
z [km]

Homogeneous model: non-shifted source Homogeneous model: shifted source
[— ] [E— ]
0 0.1 0 0.5
Rel. parabolic traveltime error [%)] Rel. parabolic traveltime error [%)]

Figure2: Relatve traveltime errorsfor a homogeneouselocity model. Top: errors
usingthe hyperbolicinterpolationif only receversareinterpolatedleft) andfor both
sourceandreceverinterpolation(right). Isochronesregivenin secondsBottom: the
sameasabove but usingthe parabolicvariant. Therelative errorsnearthe sourceap-
pearexaggeratethecauseherethetraveltimesarevery small. Pleasanotethedifferent
errorscales.

errorsaredisplayedin Figure4. We find the samequality relationbetweernthe three
interpolationschemessbeforeand,asexpectedthe accurag increasingor smaller
coarsdo finegrid ratio.

The reasonfor the much higheraccurag of the parabolicand hyperbolicinter
polation is obviously that trilinear interpolation neglects the wavefront curvature.
Unlike in the previous examplesthis is not only a problemin the nearsourceregion
but anywherewherewe find locally higherwavefront cunvatures. This is especially
very commonfor morecomplex velocity models which we consideiin thefollowing.
We now apply our methodto a 3-D extensionof the Marmousimodel (Versteg and
Grau,1991). Input traveltimeswere computedwith a 3-D-FD eikonal solver using
the (Vidale, 1990) algorithm. The coarsegrid spacingwas 125m, the fine grid was
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Table2: Medianrelative errorsfor the constanwelocity gradientmodel.

Interpolation:

hyperbolic
parabolic
trilinear

original source:| shiftedsource:
0.002% 0.001%
0.009% 0.015%
0.282% not available

12.5m. The amountof computationatime necessaryo carry out the hyperbolic
interpolationfor one shotis 14% of the time neededby the Vidale algorithm. The
parabolicinterpolationis only very slightly faster it needsl3% of thetime necessary
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Figure3: Relatvetraveltimeerrorsfor aconstantelocity gradientmodel.Left: errors
usingthe hyperbolicinterpolation(non-shifted). Middle: the samefor the parabolic
interpolation.Right: asbeforebut with trilinearinterpolation.Pleasenotethedifferent

errorscalesontheplots.
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Figure4: Relatve traveltimeerrorsvs. ratio of fine to coarsegrid spacingfor thecon-
stantvelocity gradientmodelshavn for trilinear (dottedline) parabolic(dashedine)
andhyperbolicinterpolation(solid line). The plot is displayedtwice usingdifferent
scaledo illustratethedifferences.
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for Vidale. Theresultinginterpolatedraveltimeswerecomparedo referencedatafor
the fine grid obtainedfrom the sameVidale scheme. The relative traveltime errors
for the hyperbolicinterpolationareshavn in Figure5. A layerof 62.5mdepthunder
the sourcewasexcludedfrom the statistics.We find a medianerror of 0.025%. The
parabolicvariantyieldsa medianerrorof 0.026%(not shovn here). Comparedo the
genericmodelsboth interpolationsyield similar quality. The reasons thatfor more
comple modelserrorsdueto the differentalgorithmsaredominatedy errorscaused
by the quality of theinputdata,i.e., insufficientaccurag andparticularlysmoothness
of theinputtraveltimes.
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Figure5: Relatve traveltimeerrorsfor the Marmousimodelusinghyperbolicinterpo-
lation. Isochronesaregivenin seconds.The correlationof errorsand’kinks' in the
isochroness clearlyvisible. Thearrow atthe 1.2sisochroneindicatesa highererror
areathatis causedy badquality of theinputtraveltimes(dueto adeficieng of theFD
implementatiorused).This canbe compensatetly smoothingheinputtraveltimes.

In the last examplewe find errorsin the vicinity of 'kinks' in the isochrones.
Theseindicatetriplications of the wavefronts. The resultingerrorsare no surprise
becausdahe assumptiorof smoothtraveltimesdoesnot hold anymore. The reason
is thata triplication consistsof wavefrontsbelongingto two differentphases.These
mustbe interpolatedseparately The obvious solutionto overcomethis problemis to
employ laterarrivalsin the input traveltime schemeandto apply our methodto first
andlaterarrivalsseparately
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CONCLUSIONS

We have presente@ methodfor theinterpolationof traveltimeswhichis basednthe
traveltime differencegi.e., move-out)betweemeighbouringsourcesandreceversof
amulti-fold experiment.Theinterpolationhasa high accurag sinceit acknavledges
the curvature of the wavefront andis thus exact to the secondorder Although for
complex modelsparabolicinterpolationyields high accurag we recommendhe use
of hyperbolictraveltime expansion. This commendations supportedby the generic
examples. Both hyperbolicand parabolicvariantsare, however, far superiorto the
populartrilinear interpolation. The differencein computationatime for the three
variantsis insignificant.

One importantfeatureof our techniqueis its possibility to interpolatefor sources,
not only for recevers. The factthatall necessargoeficientscanbe computedon a
coarsegrid leadsto considerablesaringsin time andmemorysincetraveltime tables
for lesssourceseedto be generatedswell askeptin storage.lf we use,e.g.,every
tenthgrid pointin threedimensionsthis correspondso a factorof 1(f lessin storage
requirementor interpolationof shotsandrecevers. As themethodis notrestrictedo
cubicalgridsthe coarseggrid spacingcanbeadaptedo the modelunderconsideration.
Our methodis bestcombinedwith techniquegor computingtraveltimetablesfor first
and later arrivals on coarsegrids, like the wavefront constructionmethod(i.e., ray
tracing). Most finite differenceeikonal solvers(FDES)do not allow the computation
of traveltimeson coarsegrids sinceit reducesaccurag to an unacceptablelegree.
Moreover, FDESprovide first arrivalsonly.

In the examplespresentedsotropic modelswere assumed. Since no assumptions
on the modelswere madewhen derving the governing equations(1) and (4) the
techniquepresentedhere can also be applied to traveltimes tables computedfor
anisotropianedia.

Sincethe matricesintroducedin this paperbeara closerelationshipto the matrices
employedin the paraxialray approximatior(cf., e.g.,(Bortfeld, 1989))our technique
can also be usedto determinedynamic wavefield properties. This leadsto the
determinationof the completeray propagatorfrom traveltimesonly which can be
usedfor varioustasksincluding the computationof geometricalspreading(leading
to an interpolationof Greens functions)or migration weights (i.e., amplitudepre-
servingmigration)andthe estimationof Fresnelzonesandthereforeoptimizationof
migrationaperturesUnlike for the traveltime interpolationthe hyperbolicexpansion
is significantlybettersuitedfor theseapplications A detaileddiscussiorwill begiven
in afollow-up paper
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PUBLICATIONS

Previousresultsconcerningraveltimeinterpolationwerepublishedoy (Gajevski and
Vanelle,1999). A papercontainingtheseresultshasbeensubmitted(Vanelleand
Gajavski, 2000a)



