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An FD eikonal solver for 3-D anisotropic media
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ABSTRACT

To computethetraveltimeof seismicwavesin a general anisotropicmediumit is pos-
sibleto usea perturbationapproach which is basedonapproximatingthismediumby
a simplerreferencemedium.Anelliptically anisotropicmediumapproximatesa strong
anisotropic mediumbetterthanan isotropic onedoesand thecorrespondingeikonal
equationis only slightly more complex thenfor theisotropiccase. We consideran el-
liptically anisotropicmediumasa referencemediumanda stronganisotropicmedium
asa perturbedonefor theperturbationmethod.Traveltimesin thereferencemedium
are computedwith an FD eikonal solverwhich allows fast and highly accurate cal-
culationof traveltimesfor elliptically anisotropic media.To achievestability a wave
frontexpansionschemeis applied.

INTRODUCTION

Anisotropy hasbeenrecognizedasanimportantfeatureof seismicwave propagation.
Thereis an interestin extendingmethodsof explorationseismologyto anisotropic
media.Thecomputationof traveltimesin anisotropicmediais expensive becausefor
eachpropagationstepaneigenvalueproblemmustbesolved.Thereforewewanttouse
aperturbationtechniquewhichis basedonapproximatingananisotropicmediumby a
simpler, analyticallytreatable,referencemedium.Differencesbetweenbothmediaare
taken into accountby addingcorrectionsto the traveltimeobtainedfor the reference
medium.

Weconsideranelliptically anisotropicmediumasareferencemedium.In elliptical
anisotropy the eikonal equationfor the consideredwave type is only slightly more
complex comparedto the isotropiccase.Elliptical anisotropy is of limited practical
significance,sincethe mediaof elliptical symmetryhardly exist. The FD codefor
elliptically anisotropicmediacanbe understoodas a basicroutine for computation
of traveltimesin arbitraryanisotropicmedia. If the deviation betweenanelliptically
anisotropicmodelandthe modelwith given anisotropy allows for a linearizationof
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traveltimes,acomputationby a first orderperturbationmethodembeddedinto theFD
schemeis possible.

Perturbationmethodembeddedinto anFD schemefor weakanisotropy wascon-
sideredby (Ettrich, 1998)for the 3-D caseandby (Ettrich andGajewski, 1998)for
the2-D case.For applicationto anisotropicmediaanelliptically anisotropicreference
modelgiveshigheraccuracy but usinganisotropicreferencemodelgiveshigherspeed
of calculation.

To minimize errorswhich are inherentin the perturbationapproachone should
choosethe referencemediumascloseaspossibleto the given anisotropicmedium.
In thepaperby (Ettrichetal., 2000)theproblemfor theapproximationof anarbitrary
anisotropicmediumbyanellipsoidalmediumwerederived.Thisapproximationworks
well for P-anisotropiesof upto 10% whenthepolarizationvectoris substitutedby the
phasenormal.

We want to apply the FD perturbationmethodto stronganisotropy. Following
(Burridgeet al., 1993)therearethreepossibilitiesto simplify generalanisotropy to
ellipsoidalsymmetryandweusethesepossibilitiesfor theconstructionof a reference
ellipsoidalmedium.Takenthephysicsof wavepropagationinto accountweminimize
theaverageof differencesbetweentheChristoffel matricesof theanisotropicmedium
andtheellipsoidalmedium.Thispaperpresentsfirst resultsin thisapproach.

FD APPROXIMA TION OF THE EIK ONAL EQUATION

If onetypeof wave(quasik -wave,quasil Ú - or l � -wave) in anelliptically anisotropic
mediumis definedby threephasevelocities( ¡#Ú , ¡ � , ¡ � ) alongeachaxis in thecrystal
coordinatesystemandby threeangles( m , n , � ) describingtheorientationof thecrystal
coordinatesystemwith respectto theglobalCartesiancoordinatesystem,theslowness
surface(eikonalequation)for thiswave reads:�po �Qq o �Z� Ç � (1)

where o is the slownessvector, q is a 3 è 3 symmetricmatrix, � � denotesscalar
product. In the crystalcoordinatesystemthis matrix is a diagonalmatrix andreadsrq �à¡ ² �³ts ³�Ö where s ³�Ö is theKronecker-delta. In theglobalCartesiancoordinatesys-
tem q is a functionof ¡ Ú , ¡ � , ¡ � and m , n , � . q and

rq areconnectedby q � �vu rq � ,
where � is a rotationmatrix which definesthe orientationof the crystalcoordinate
systemwith respectto theglobalCartesiancoordinatesystem.

Theeikonalequationallowsfor thecomputationof oneslownessvectorcomponent
if theothersareknown andfor thecomputationof thephasevelocityfor agivenphase
direction. In our algorithmthe approximationof the eikonal equationfrom (Ettrich,
1998)is used.If therearetraveltimesin gridpoints0, 3, 4, 5, 6, 7 and8 (seeFig. 1)
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Figure 1: Schemeof expansion.
The timed pointsare given by the
black circle. The computation
startsat point 0 with theminimum
traveltime. Using traveltimes in
points0,1,2,3 and4 thetraveltime
in 8 canbe calculated(scheme3).
Using traveltimes in points 0, 2,
3, 4 and 8 the traveltime in 6 can
be calculated(scheme2). To find
the traveltime in points9 the trav-
eltimesin points0, 3, 4, 5, 6 and7
areused(scheme1).
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theansatzusedby (Ettrich,1998)for thesearchedtraveltime �\w at thecornerpoint of
acubiccell is:� �\w Ã � ¾O�Z�yxâ¾ « x®Ú ¤ � �\# Ã �.z � � « � �.{ Ã �\| � � ¯^« x � ¤ � �\# Ã ��} � � « � �\[ Ã �\| � � ¯ «x � ¤ � �\[ Ã � � � � « � �.{ Ã ��} � � ¯^« x }¥¤ � � � Ã ��} � � « � �\[ Ã �.{ � � ¯ « (2)x #¥¤ � �\[ Ã �\# � � « � �\| Ã ��} � � ¯#« x [�¤ � �.{ Ã �\# � � « � �\| Ã � � � � ¯ �
where: x®Úö� Ç ¶ ^ Ã xâ¾~�� � � É ¡ �}ã« É ¡ �[ Ãø¡ �Ú Ãø¡ �� � �x � � Ç ¶ ^ Ã xâ¾~�� � � É ¡ �}ã« É ¡ �# Ãø¡ �� Ãø¡ �� � �x � � Ç ¶ ^ Ã xâ¾~�� � � É ¡ �#�« É ¡ �[ Ãø¡ �Ú Ãø¡ �� � �x } � xâ¾~�� � � É ¡ �} Ã¬¡ �Ú Ã ¡ �� �ßÃø� ¶ ^ � (3)x # � xâ¾~�� � � É ¡ �[ Ã¬¡ �� Ã ¡ �� �ßÃø� ¶ ^ �x [ � xâ¾~�� � � É ¡ �# Ã¬¡ �Ú Ã ¡ �� �ßÃø� ¶ ^ �xâ¾ � z � �¡ �{
and � ³ is traveltime in gridpointswith number Ô and point 0 is the gridpointswith
minimum traveltime, ¡ ³ , ÔÄ� Ç � ¶�¶�¶ � c are the velocitiesin

J
-, � - and � -direction

(directions1, 2, 3) and in direction of the diagonals
J Ã � ,

J Ã � and � Ã �
(directions3, 4, 5). Formula (2) with coefficients (3) is analogousformula 1 from
(Vidale,1990),calledscheme1, appliedto themajorityof grid points.
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Othertwo approximationsaresimilar to formulas3 and4 from (Vidale,1990). If
the traveltimeis known at gridpoints0, 1, 2, 3, 4 andthe traveltimein gridpoint0 is
minimum (seeFig. 1), to computetraveltime �\| slownessvectorcomponentsÆ Ð andÆ ï areapproximatedby Æ Ð � � � � Ã � Ú�� i � É � � andÆ ï �È� ��} Ã �÷� � i � É � � , andtheeikonal
equation(1) is solvedfor theremainingcomponentsÆ ô �à� �\[ Ã � ¾~� (scheme3). If the
traveltimesareknown in gridpoints0, 2, 3, 4 and8 andthe traveltime in gridpoint0
is minimum(seeFig. 1), the traveltime �\[ is obtainedby approximatingÆ ï �ö� ��} Ã� É � i � É � � , Æ Ð �È� � � Ã � ¾ « �\[ Ã �\| � i � É � � andÆ ô �È� �\| Ã � ¾ « �\[ Ã � � � i � É � � . With these
expressionsfor the slownessvector componentsthe eikonal equation(1) is solved
for the searchedtraveltime �\[ (scheme2). Detaileddescriptionsof the schemewere
publishedby (Ettrich,1998).

Schemeof expansion

To retaincausalityandto guaranteestability we expandwavefronts(Qin et al. 1992).
The propagationof energy and,therefore,the causalcontinuationof computationis
governedby the groupvelocity vectors. In isotropicmodelswheregroupandphase
velocity vectorscoincideandthe causalityis achievedby sortingthe outerpointsof
theirregularvolumeof timedpointswith respectto traveltimefrom minimumto max-
imum. In anisotropicmediathe groupvelocity vectorandthe phasevelocity vector
doesnot coincide.Thegroupvelocity in elliptically anisotropy is givenby thesimple
formula: �   æ � q o ¶ Thereforeit is not sufficient to carry out the calculationfrom
point with minimumtraveltimeto point with maximumtraveltime. For every eikonal
solutionwe mustcomparethedirectionof thegroupvelocitywith thedirectionof the
schemeof expansion.If thedirectionscoincidethestepis done.Otherwise,thatpoint
is not a point for a casualexpansionandit is necessaryto go to thenext point. After
everysuccessfulsteptheouterpointsof thetimedpointsaresortedagainwith respect
to traveltimefrom minimumto maximum.

Numerical results

We give numerical results for two models. Using a homogeneouselliptically
anisotropicmodelwe canchecktheaccuracy of thedescribedFD scheme.Thephase
velocitiesin thecrystalcoordinatesystemare2 km/salongthe

J
-axis,2.4km/salong

the � -axis and2.8 km/s alongthe � -axis. The crystalcoordinatesystemis rotated
by z ��� consecutively aroundthe

J
, � and � axes. The grid spacingis 20 m. A

cubic region of seven grid pointsaroundthe sourceis initialized using the formula����� ����� ²'� � , where � is theradius-vectorfrom thesourceto thegridpoint. Fig. 2
displaysnumericallyandanalyticallycomputedwavefronts(left) andrelativeerrorsof
thecomputation(right). Themaximumrelativeerrordoesnotexceed0.4%.
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Figure2: Wavefrontsin a homogeneouselliptically anisotropicmodel:
J Ã � -slices

with offset0 km (upper, left) and0.8km (lower, left) from thesource.Thenumerical
solutionis shown by solid lines, theanalyticaloneis shown by dottedlines. On the
right relativeerrorscorrespondingto thepictureson theleft aregiven.

Thesecondexampleis a horizontallylayeredmodel.Theparametersof theupper
layerareequalto theparametersof thehomogeneousmodelconsideredabove. At a
depthof z= 0.6km thephasevelocitiesincreaseby 1 km/sandthecrystalcoordinate
systemis rotatedby additional

É � � aroundeachaxis. A third layerat a depthof 1 km
hasvelocities4.6km/s,3.8km/sand4.8km/salong

J
, � and � respectively. Angles

areincreasedby Ç � � . Themodelwassmoothed.Thewavefrontsin Fig. 3 demonstrate
theapplicabilityof themethodfor suchmodelswith strongvelocitycontrasts.
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Figure3: Wavefrontsin a horizontallylayeredmodel;
J Ã � -sliceswith offset0 km

(left), 1 km (middle)and1.3km from thesource.

TRAVELTIME PERTURBATION

To computetraveltimesfor arbitraryanisotropicmedia,a perturbationschemecanbe
embeddedinto theFD eikonalsolver. We considera modelwith arbitraryanisotropy
asa perturbedmodelwith respectto anelliptically anisotropicreferencemodel. The
formulafor traveltimecorrectionderivedby Cerveńy (1982)is used:� �:� k � l`� � Ã ÇÉ ÿ�� ��� �� � X � ��� ³�Ö��E� Æ ³ Æ � � Ö � ��� �S�
where: ��� ³�Ö������ � � ³�Ö��E��� Ã � � ¾ �³�Ö.�E���
with

� ³�Ö.� asdensitynormalizedelasticcoefficientsof the anisotropicmedium,Æ ³ are
thecomponentsof theslownessvector, and � Ö arethecomponentsof thepolarization
vectorof theconsideredtypeof wave ( ��k , �(l Ú or ��l¡  ). Thevectorso and ¢ depend
on to thereferenceellipsoidalmedium.

Theoreticallythesecorrectionscanbe of arbitraryorder. However, for practical
applicationsin mostcasesa first-ordercorrectionasabove is used.To minimize the
errorsin theperturbationapproachthereferencemediumshouldbechosencloseto the
given anisotropicmedium. Formulasfor a best-fittingellipsoidalreferencemedium
werederivedby (Ettrich et al., 2000). In theseformulasit is supposedthat thepolar-
izationvectoris substitutedby thephasenormal.Thereforeonly for weakanisotropy
thephasevelocityof theP-wave is well approximated.

We now considerthecaseof stronganisotropy. Following (Burridgeet al., 1993)
thereare threepossibilitiesto simplify orthorhombicor transverselyisotropicsym-
metry to ellipsoidalone. The othorhombicallyanisotropicmediumhasan elliptical
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symmetryif non-zeroelasticmoduli satisfy:� � £ }�}¤� Ã £6 �¥ � £ #�#¦� Ã £ Ú ¥ � £ [�[¦� Ã £ Ú  ¨§© � £ }�}¤� £ #�#¤� Ã £ Ú ¥ � Ã £S �¥ £ [�[¦�ª� £ Ú�Ú « £S �  « É £ Ú  6� ² Ú � £ Ú�Ú £S �  Ã £   Ú   �S§ (4)I«� £ }�}¤� £ #�#¤� £ [�[¦�ª� £S �  « £6¥�¥ « É £6 �¥6� ² Ú � £S � S£S¥�¥ Ã £   �¥ � ��ª� £ Ú�Ú « £ z(z « É £ Ú ¥6� ² Ú � £ Ú�Ú £6¥�¥ Ã £   Ú ¥ � �e� £ Ú�Ú « £6 �  « É £ Ú  6� ² Ú � £ Ú�Ú £6 �  Ã £   Ú   � ¶
Thecase� is mostsimplebut not usefulfor thepurposeof approximatingtheslow-
nesssurfaceof onetype of wave sincethe ellipsoidalsymmetryappearsasa result
of crossingslownesssurfacesof differenttypeof waves.Thesolutionfor this caseis
givenby (Ettrichetal., 2000).

We considerthecase
©

. Heretherearefive independentparameters£ Ú�Ú , £6 �  , £S¥�¥ ,£ }�} and £ Ú   . Theseparametersmustbe adjustedto bestapproximatean anisotropic
mediumby anellipsoidalone. Taking thephysicsof wave propagationinto account,
weminimizetheaverageof thesumof thedifferencesbetweentheChristoffel matrices¬ ³­� � � ³�Ö��E��®�ÖS®¡� of theanisotropicmediumand

¬ � ¾ �³¯� of theellipsoidalmedium.Here,®`³ is the Ô -componentof theunit vectorthatpointsinto thedirectionof thewavefront
propagation.For details,see(Fedorov, 1968)and(Ettrichetal.,2000).

For thecase
©

with (4) theChristoffel matrix
¬ � ¾ �³¯� simplifiesto:¬�� ¾ � � +M, £ Ú�Ú ®   Ú « £ [�[ ®    « £ }�} ®  ¥ � £ Ú   « £ [�[ � ® Ú ®   �� £ Ú   « £ [�[ � ® Ú ®   £ [�[ ®   Ú « £S �  ®    « £ }�} ®  ¥ �� � £ }�}�� ®   Úz« ®    � « £6¥�¥ ®  ¥ / T0

and°t±�² �´³ ¥µ¶ Ò ��· Ú¹¸ ¬ ¶ � Ã ¬ � ¾ �¶ �»º  ½¼ �e³ 5E¾ ¸ ¬  ¶ �¯º ¼ Ã É ³ 5�¾ ¸ ¬ ¶ � ¬ � ¾ �¶ �»º ¼»¿ ³ 5�¾ F ¸ ¬ � ¾ �¶ �»º   H ¼
hasto beminimizedwith respectto £ Ú�Ú , £6 �  , £6¥�¥ , £ }�} and £ Ú   . ° � ² denotesaveraging
a function � : ° � ² � Ç~ �  ?ÀÿÁ · ¾ ÀÿÂ · ¾ � ��Ã ��Ä õ Ù m � m(n �
where ÃÅ�GÃÆ� m � n¡� is a wavefrontnormal. This averagingis usedin orderto remove
the dependency of the function on the direction((Fedorov, 1968)). Sinceparameter£ [�[ is acomplicatedfunctionof £ Ú�Ú , £S �  and £ Ú   it is moreconvenientto consider£ [�[ as
anindependentparameterandto seektheminimumofÇ � °È±�² ¿ U ¸ � £ Ú�Ú ¿ £6 �  ¿ É £ Ú  6�EÉ Ú � £ Ú�Ú £S �  Ã £   Ú   � Ã £ [�[ º �
with respectto £ Ú�Ú , £S �  , £S¥�¥ , £ }�} , £ Ú   and £ [�[ . U is Lagrange's factor.
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As a resultwe get the following nonlinearsystemfor four unknown parameters£ Ú�Ú , £6 �  , £ Ú   and
rU :£ Ú   � Ê   ¿ rUÌËÎÍ Ú Ã �´ÏÑÐ &Ð £¨Ò�Ò ¿ Ð &Ð £S � (ÓÕÔ Ív  Ð &Ð £¨Ò* �Ö£6 �  � Ê Ò ÔØ× ¿ rU Ë � Ô © Ð &Ð £
Ò�Ò Ô I Ð &Ð £6 �  Ô � Ð &Ð £
Ò* (Ö (5)£¨Ò�Ò � Ê Ò ¿ × ¿ rUÌËÎÙ Ô I Ð�ÚÐ £¨Ò�Ò Ô © Ð�ÚÐ £S �  Ô Ù Ð�ÚÐ £
Ò*  ÖrU � Û(ÛÜ � � £
Ò�Ò ¿ £6 �  ¿ÅÝ £¨Ò* 6� É Ò � £
Ò�Ò�£6 �  Ô £   Ò*  � Ô Ü ÛÝ�Þ � £¨Ò�Ò ¿ £S � 6� Ô Ý £
Ò*  Ô Û(ÛÜ Þ � ¥

where:Ù � Ü ÛÝ�ß c § © � Ý zz à Ý�ß c § á � z Ü ßzâà Ýãß(ä § Í Ò � å ÛÝ�ß(ä § Ív  � Ý�Þ åÝ�ß(ä
Ê Ò �æå Û�ç   ¿ Ü Û�ç ¥Ý�ß(ä § Ê   � Ü Û�ç   ¿ÅÝ�Þ å ç ¥Ý�ß(ä § × � ç ÒÝéè

Theremainingof parameters£S¥�¥ , £ }�} and £Sê�ê canbelinearlyexpressedby £¨Ò�Ò , £S �  , £
Ò* 
and

rë : £6¥�¥ � � Ò ¿ zÛ z � £¨Ò�Ò ¿ £S � S� Ô ÝÛ z £¨Ò*  Ô ÜÛ z rë£ }�}ì� �   Ô ßÛ z à Ý � £
Ò�Ò ¿ £S � 6� ¿ zÛ z £¨Ò*  ¿ zÛ z à Ý rë (6)£6ê�ê � � ¥ Ô íÛ z � £
Ò�Ò ¿ £S � 6� Ô Ü ßÛ z £
Ò*  Ô Ü ßÝ à Û z rë è
In (5) and(6) weusedtheabbreviations:� Ò � Ý Û�î ¥ Ô ~ î } ¿ î%ïÛ z § �   � Ò{ ¥ ¸ Ô ~ î ¥ ¿Èä î } Ô ¥  î%ï º § � ¥ � ÜÛ z ¸ î ¥ Ô z Ý î } ¿ Ü ßÝ î%ï º §ç Ò � î Ò Ô î  ¨§ ç   � î Ò ¿ î   Ô Ý � �   ¿ � ¥S�6§ ç ¥ � î ê Ô Ý � ¥:§rë � Ü åÝ ë §î Ò � � Ò �E� Ò ¿ÅÝ � Ò�Ò�Ò�Ò6§î   � �   �E�   ¿ÅÝ �  � � � ¨§î ¥ � � ¥ �E� ¥ ¿ÅÝ � ¥�¥�¥�¥¨§î }ð� � Ò �E� Ò ¿ÅÝ � Ò*¥�¥�Ò ¿ �   �E�   ¿ÅÝ �  �¥�¥�  ¿ � ¥ �E� ¥ ¿ÅÝ � ¥�Ò�Ò*¥ ¿ � ¥ �E� ¥ ¿ÅÝ � ¥� � �¥¨§î�ï � � Ò �E� Ò ¿ÅÝ � Ò* � �Ò ¿ �   �E�   ¿ÅÝ �  �Ò�Ò*  ¿ ~ � Ò�Ò* �  ¿ ~ � Ò* �Ò* ¨§î ê � ~ � � Ò�Ò* �  ¿ � Ò* �Ò* 6�6§Ú � � £
Ò�Ò ¿ £S �  ¿ÈÝ £
Ò* 6�QÉ Ò � £¨Ò�Ò�£S �  Ô £   Ò*  � Ô £Sê�ê
§
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and: Ð�ÚÐ £¨Ò�Ò � � £
Ò�Ò ¿ £S �  ¿ÈÝ £¨Ò* Q� É Òòñ £S �  Ô � £
Ò�Ò ¿ £6 �  ¿ÅÝ £
Ò* S� É Ò � £
Ò�Ò.£6 �  Ô £   Ò*  ��ó�§Ð�ÚÐ £6 �  � � £
Ò�Ò ¿ £S �  ¿ÈÝ £¨Ò* Q� É Òòñ £
Ò�Ò Ô � £
Ò�Ò ¿ £6 �  ¿ÅÝ £
Ò* S� É Ò � £
Ò�Ò.£6 �  Ô £   Ò*  ��ó�§Ð�ÚÐ £¨Ò*  � Ô Ý � £
Ò�Ò ¿ £6 �  ¿ÅÝ £¨Ò* 6� É Ò�ñ £
Ò*  ¿ � £
Ò�Ò ¿ £6 �  ¿tÝ £
Ò* S� É Ò � £
Ò�Ò�£6 �  Ô £   Ò*  ��ó�§
To approximateananisotropicmediumby anelliptical one,thenon-linearsystem(5)
shouldbesolvedby anumericalmethod.Whenfour parameters£¨Ò�Ò , £6 �  , £
Ò*  and ôë are
computedtheremainingparameters£S¥�¥ , £Sõ�õ and £6ê�ê aredeterminedby (6).

Solving the non-linearsysteminsideeachcell of the FD-grid is too expensive.
The proposedway, therefore,is suitablefor a piece-wisehomogeneousanisotropic
mediumwhenit is possibleto usetheelliptical referencemediumfor eachlayer. The
ellipsoidalmediumcanbeusedfor calculationof traveltimesby anFD eikonalsolver
with embeddedperturbationscheme.

CONCLUSION

The presentedalgorithmprovidesa methodfor the efficient computationof the first
arrival traveltimesfor 3-D elliptically anisotropicmedia. The maximumrelative er-
ror doesnot exceed0.4%. Thecalculationtechniquefor approximatinganarbitrary
anisotropicmediumby anellipsoidalmediumwasconsidered.As a resultwe getthe
nonlinearsystemfor definingparametersof a referencemedium. Futurework must
bedevotedto solving this systemfor embeddinga first orderperturbationmethodto
theFD schemein orderto consideranarbitraryanisotropicmedium.This techniqueis
suitablefor piece-wisehomogeneousanisotropicmedium.
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