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An FD eikonal solver for 3-D anisotropic media
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ABSTRACT

To computehetraveltimeof seismiovavesn a geneal anisotiopic mediumit is pos-
sibleto usea perturbationapproac which is basedon approximatingthis mediumby
asimplerrefeencemedium Anelliptically anisotiopic mediumapproximatesa strong
anisotiopic mediumbetterthan an isotropic onedoesand the correspondingeikonal

equationis only slightly more comple thenfor the isotropic case We consideran el-

liptically anisotiopic mediumasa refeencemediumanda stronganisotiopic medium
asa perturbedonefor the perturbationmethod.Traveltimesn therefeencemedium
are computedwith an FD eikonal solverwhich allows fastand highly accurate cal-

culation of traveltimedor elliptically anisotiopic media. To achieve stability a wave
frontexpansiornschemeis applied.

INTRODUCTION

Anisotropy hasbeenrecognizedasanimportantfeatureof seismicwave propagation.
Thereis an interestin extendingmethodsof exploration seismologyto anisotropic
media. The computatiorof traveltimesin anisotropicnediais expensve becausdor
eachpropagatiorstepaneigervalueproblemmustbesolved. Thereforeve wantto use
aperturbatiortechniquevhichis basedn approximatingananisotropianediumby a
simpler analyticallytreatablereferencanedium.Differencedetweerbothmediaare
takeninto accountby addingcorrectiongo the traveltime obtainedfor the reference
medium.

We considernelliptically anisotropianediumasareferencanedium.In elliptical
anisotroy the eikonal equationfor the consideredvave type is only slightly more
complex comparedo the isotropiccase. Elliptical anisotroyy is of limited practical
significance sincethe mediaof elliptical symmetryhardly exist. The FD codefor
elliptically anisotropicmediacan be understoodas a basicroutine for computation
of traveltimesin arbitraryanisotropicmedia. If the deviation betweenan elliptically
anisotropicmodelandthe modelwith given anisotroy allows for a linearizationof
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traveltimes,a computatiorby afirst orderperturbatiormethodembeddednto the FD
schemas possible.

Perturbatiormethodembeddednto an FD schemdor weakanisotroly wascon-
sideredby (Ettrich, 1998)for the 3-D caseandby (Ettrich and Gajevski, 1998)for
the 2-D case For applicationto anisotropiamediaanelliptically anisotropiaeference
modelgiveshigheraccurag but usinganisotropicreferencenodelgiveshigherspeed
of calculation.

To minimize errorswhich are inherentin the perturbationapproachone should
choosethe referencemediumas closeas possibleto the given anisotropicmedium.
In thepaperby (Ettrich etal., 2000)the problemfor the approximatiorof anarbitrary
anisotropianediumby anellipsoidalmediumwerederived. Thisapproximatiorworks
well for P-anisotropiesf upto 10 % whenthepolarizationvectoris substitutedy the
phasenormal.

We want to apply the FD perturbationmethodto stronganisotroy. Following
(Burridgeet al., 1993)therearethreepossibilitiesto simplify generalanisotropy to
ellipsoidalsymmetryandwe usethesepossibilitiesfor the constructiorof areference
ellipsoidalmedium.Takenthe physicsof wave propagationnto accountwve minimize
the averageof differencedetweerthe Christofel matricesof the anisotropianedium
andtheellipsoidalmedium.This papemresentdirst resultsin this approach.

FD APPROXIMA TION OF THE EIK ONAL EQUATION

If onetypeof wave (qQuasiP-wave,quasiS;- or Sp-wave)in anelliptically anisotropic
mediumis definedby threephasevelocities(v;, vq, v3) alongeachaxisin the crystal
coordinatesystemandby threeangleq#, ¢, £) describingheorientationof thecrystal
coordinatesystemwith respecto theglobalCartesiarcoordinatesystemtheslowvness
surface(eikonalequation¥or this wave reads:

(p,Rp) =1, 1)

wherep is the slownessvectotr R is a 3x3 symmetricmatrix, () denotesscalar
product. In the crystalcoordinatesystemthis matrix is a diagonalmatrix andreads
R = v;25;; whered;; is the Kronecler-delta. In the global Cartesiarcoordinatesys-
tem R is afunctionof vy, v9, v3 andé, ¢, £. R andR areconnectedy R = UT RU,
whereU is a rotationmatrix which definesthe orientationof the crystal coordinate
systemwith respecto the global Cartesiarcoordinatesystem.

Theeikonalequatiorallowsfor thecomputatiorof oneslovnesssectorcomponent
if theothersareknown andfor the computatiorof the phasevelocityfor agivenphase
direction. In our algorithmthe approximationof the eikonal equationfrom (Ettrich,
1998)is used. If therearetraveltimesin gridpoints0, 3, 4, 5, 6, 7 and8 (seeFig. 1)
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Figure 1: Schemeof expansion.

The timed points are given by the 7 9
black circle. The computation z e ’
startsat point 0 with the minimum Z g !
traveltime. Using traveltimes in T
points0, 1, 2, 3 and4 thetraveltime |

in 8 canbe calculated(schemes).
Using traveltimes in points 0, 2,
3, 4 and 8 the traveltime in 6 can
be calculated(scheme?). To find
the traveltime in points9 the trav-
eltimesin points0, 3, 4,5, 6 and7
areused(schemel).

theansataisedby (Ettrich, 1998)for the searchedraveltimety atthe cornerpoint of
acubiccellis:

(tg — to) = wo + wy[(ts — 13)? + (L7 — tg)?] + wa[(ts — ts)* + (te — ts)?] +
ws[(te — t3)* + (t7 — ta)?] + wa[(ts — ta)*> + (ts — t7)}] + (2)
ws[(te — t5) + (ts — t4)?] + we[(tr — t5)> + (ts — t3)?],
where:
w; = 15— 4h2 —2L (202 4 202 — v? — v2),
wy = 15—4—m(2 +20% — w3 —v3),
wy = 15—4—h2(2 +20v% — v? —v3),
_ W 2 2
Wi = s —(2v] —v? —v3) — 0.5, (3)
Wo
ws = m(?vé —v3 —v3) — 0.5,
_ Wo 2
W = 53 — (202 —v? —v2) — 0.5,
3h?
Wy = U—$

andt; is traveltime in gridpointswith number; and point O is the gridpointswith
minimum traveltime, v;, ¢ = 1,...,6 arethe velocitiesin X-, Y- and Z-direction
(directionsl, 2, 3) andin directionof the diagonalsX — 7, X — Z andY — 7
(directions3, 4, 5). Formula(2) with coeficients(3) is analogougormula 1 from
(Vidale,1990),calledschemel, appliedto the majority of grid points.
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Othertwo approximationgresimilar to formulas3 and4 from (Vidale,1990). If
the traveltimeis known at gridpointsO0, 1, 2, 3, 4 andthe traveltimein gridpointO is
minimum (seeFig. 1), to computetraveltime tg slovnessvectorcomponent, and
p, areapproximatedy p, = (3 — ¢1)/(2h) andp, = (t4 — t2)/(2h), andtheeikonal
equation(1) is solvedfor theremainingcomponent®, = (ts — ) (schemes). If the
traveltimesareknown in gridpoints0, 2, 3, 4 and8 andthe traveltimein gridpoint0
is minimum (seeFig. 1), the traveltime ¢ is obtainedby approximatingp, = (t4 —
t?)/(?h), Pr = (t3 —to+ 1 — tg)/(?h) andp, = (tg —to+ 16 — t3)/(2h) With these
expressiondor the slownessvector componentghe eikonal equation(l) is solved
for the searchedraveltime ts (scheme?). Detaileddescriptionsof the schemewere
publishedoy (Ettrich, 1998).

Schemeof expansion

To retaincausalityandto guaranteestability we expandwavefronts(Qin etal. 1992).
The propagatiorof enegy and, therefore the causalcontinuationof computationis
governedby the groupvelocity vectors. In isotropicmodelswheregroupand phase
velocity vectorscoincideandthe causalityis achieved by sortingthe outer points of
theirregularvolumeof timedpointswith respecto traveltimefrom minimumto max-
imum. In anisotropicmediathe groupvelocity vectorandthe phasevelocity vector
doesnot coincide.Thegroupvelocityin elliptically anisotropy is givenby thesimple
formula: v,, = Rp. Thereforeit is not sufficient to carry out the calculationfrom
pointwith minimumtraveltimeto point with maximumtraveltime. For every eikonal
solutionwe mustcomparehedirectionof the groupvelocity with the directionof the
schemeof expansion If thedirectionscoincidethe stepis done.Otherwisethatpoint
is not a point for a casualexpansionandit is necessaryo go to the next point. After
every successfusteptheouterpointsof thetimedpointsaresortedagainwith respect
to traveltimefrom minimumto maximum.

Numerical results

We give numerical results for two models. Using a homogeneouslliptically
anisotropianodelwe canchecktheaccurag of thedescribed=D schemeThephase
velocitiesin thecrystalcoordinatesystemare2 km/salongthe X -axis,2.4km/salong
the Y-axis and 2.8 km/s alongthe Z-axis. The crystalcoordinatesystemis rotated
by 30° consecutiely aroundthe X, Y and Z axes. The grid spacingis 20 m. A
cubic region of seven grid points aroundthe sourceis initialized using the formula
t = v/x, R~1x, wherex is theradius-ectorfrom the sourceto the gridpoint. Fig. 2
displaysnumericallyandanalyticallycomputedvavefronts(left) andrelative errorsof
the computation(right). The maximumrelative errordoesnot exceed0.4 %.
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Figure2: Wavefrontsin a homogeneouslliptically anisotropicnodel: X — Z-slices
with offsetO km (upper left) and0.8 km (lower, left) from the source.The numerical
solutionis shawn by solid lines, the analyticaloneis shavn by dottedlines. On the
right relative errorscorrespondingo the pictureson theleft aregiven.

The secondexampleis a horizontallylayeredmodel. The parametersf the upper
layer areequalto the parametersf the homogeneoumodelconsideredbore. At a
depthof z=0.6 km the phasevelocitiesincreasdy 1 km/sandthe crystalcoordinate
systemis rotatedby additional20° aroundeachaxis. A third layerata depthof 1 km
hasvelocities4.6km/s,3.8km/sand4.8km/salong X, Y andZ respectrely. Angles
areincreasedy 10°. ThemodelwassmoothedThewavefrontsin Fig. 3 demonstrate
the applicabilityof the methodfor suchmodelswith strongvelocity contrasts.
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Figure3: Wavefrontsin a horizontallylayeredmodel; X — Z-sliceswith offsetO km
(left), 1 km (middle)and1.3km from the source.

TRAVELTIME PERTURBATION

To computetraveltimesfor arbitraryanisotropicmnedia,a perturbatiorschemecanbe
embeddednto the FD eikonal solver. We considera modelwith arbitraryanisotroy
asa perturbednodelwith respecto anelliptically anisotropicreferencemodel. The
formulafor traveltime correctionderived by Eeneny (1982)is used:

1 uP)
At(P, S) = —5 S) A/\ijklpiplAjAkdt,

where:
ANijki = Nijeu — )‘z(;)l)cll

with \;;; asdensitynormalizedelasticcoeficientsof the anisotropicmedium,p; are
thecomponentsf theslownessvector andA; arethecomponentsf the polarization
vectorof the consideredype of wave (¢ P, ¢.S; or ¢S,). Thevectorsp and A depend
onto thereferenceellipsoidalmedium.

Theoreticallythesecorrectionscan be of arbitraryorder However, for practical
applicationan mostcasesa first-ordercorrectionasabove is used. To minimize the
errorsin theperturbatiorapproachhereferencanediumshouldbechosercloseto the
given anisotropicmedium. Formulasfor a best-fittingellipsoidal referencemedium
weredervedby (Ettrich etal., 2000). In theseformulasit is supposedhatthe polar
izationvectoris substitutedy the phasenormal. Thereforeonly for weakanisotroy
the phasevelocity of the P-wave is well approximated.

We now considerthe caseof stronganisotroy. Following (Burridgeetal., 1993)
thereare three possibilitiesto simplify orthorhombicor trans\erselyisotropic sym-
metry to ellipsoidalone. The othorhombicallyanisotropicmediumhasan elliptical
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symmetryif non-zercelasticmoduli satisfy:

A) Cqq4 = —C23, C55 = —C13, Cgs = —C12;
B) s =cs5 = —ci13 = —Cp ces = (11 + 22 + 2c12) M(cr1c2 — ¢1y); (4)
C)  caa= 55 = g5 = (oo + C33 + 2¢03) " (Cancaz — Go3) =

= (€11 + €33 + 2¢13) "M er1es3 — €23) = (c11 + con + 2¢19) " H(cr1600 — €2).

The caseA is mostsimplebut not usefulfor the purposeof approximatinghe slow-
nesssurfaceof onetype of wave sincethe ellipsoidalsymmetryappearsasa result
of crossingslownesssurfacesof differenttype of waves. The solutionfor this caseis
givenby (Ettrichetal., 2000).

We considerthe caseB. Heretherearefive independenparameters;, css, ¢33,
cis andeyp. Theseparametersnustbe adjustedto bestapproximatean anisotropic
mediumby an ellipsoidalone. Taking the physicsof wave propagatiorinto account,
weminimizetheaverageof thesumof thedifferencedbetweertheChristofel matrices
Ayt = Aijun;ny of theanisotropicmediumandAgf) of the ellipsoidalmedium.Here,
n; 1S thei-componendf the unit vectorthatpointsinto thedirectionof the wave front
propagationFor details,see(Fedorw, 1968)and(Ettrich etal., 2000).

For the caseB with (4) the Christofel matrix A’ simplifiesto:

2 2 2
C111] + Ce6115 + Ca4M3 (612 + 066)n1n2 0
0) __ 2 2 2
A( ) = (012 + 666)n1n2 Ce6Tl] + CooMy, + Cq4M7y 0
0 0 C44 (n% + n%) + 033n§

<1>={ 3 (=AY = (or (88) )~ 2sr (8as?) )+ (e (1))

hasto be minimizedwith respecto c;1, ¢s9, ¢33, c44 @ndeis. < A > denotesveraging

afunction A;
27
1
<A>=— /
4 _—

wheren = n(f, ¢) is awavefrontnormal. This averagingis usedin orderto remove
the dependeng of the function on the direction ((Fedorw, 1968)). Sinceparameter
ces 1S @acomplicatedunctionof ¢, cy2 ande;, it is morecornvenientto considercgg as
anindependenparameteandto seekthe minimumof

A(n) sin §df¢,

H \h‘

O =<1I>+y ((011 + Cco2 + 2012)71(011022 - 0%2) - 066) ;

with respecto c1, ¢, €33, Ca4, 12 @Ndcgg. 7y IS Lagranges factor
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As aresultwe getthe following nonlinearsystemfor four unknavn parameters
Ci1, C2, C12 ANdY:

Clg = D2+’7lE1—A<ﬁ+ﬁ)—Eﬁ1

2
6011 8022 8012

0 0 0
Cop = Dl—G-i-"N}/ A—-B f—C f—A f (5)
8011 8022 8012
0 0 0
Ci1 = D1+G+’7 A—C f—B f—A f
8011 8022 8012
- 't _ 17 7
Y = 1—0(611 + co9 + 2¢19) 1(011022 - C%g) - %(011 + c99) — 2¢19 — Ed?’
where
1 2 1 2
A=—7; B=_2_ ; 02739; E1=5—7; EzzE
296 3 - 296 3296 296 296
= 57eq + 1763; D, = 17ey + 20563; G- ﬂ‘
296 296 2

Theremainingof parametersss, ciy andcgg canbelinearly expressedy ci1, o2, €12
and#y:

C33 = d-l—i(c +c)—zc _ 1
33 = 1 73 11 22 73 12 737
3 3
= — — — A 6
C44 do 73 2(611 + 022) + 73012 + P 2’)/ (6)
_ 4 ( N ) 19 19 _
Ceg = 03 73 C11 T Co2 73012 5. 737-

In (5) and(6) we usedthe abbreiations:
_ 27a3 —4ay + a5

1 3 19
d1 73 ; d2: 7—13(—4a3+6a4—%a5); d3: %((1@;—5&4—{—7&5);
€1 = a1 — Q9, 62=a1+a2—2(d2+d3); €3 :a6—2d3;
N 15
Y= ?7;
a1 = Mgkt + 2 11115
ay = Aokko + 2A2200;
a3 = Askk3 + 2A3333;

s = Akk1 + 2M1331 + Aok + 22332 + Askrs + 2A3113 + Askrs + 2A3003;
as = Mgk1 + 2X1201 + Aokke + 2A2112 + 41122 + 4 1219;
ag = 4(A1122 + Ai212);

f = (ci1+ con+2c12) Herican — ¢3y) — ces;
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and:
0 _ _
% = (c11 + e +2c19)7 ! [622 — (€11 + €9 + 2¢12) Heriean — 0%2)];
11
0 _ _
a—f = (11 + 22 + 2¢19) ! [011 — (€11 + co2 + 2¢19) 1(011022 - 0%2)];
Co2
8?12 = — (011 + Co2 + 612) [612 + (011 + Coo + 012) (611022 - 012)],

To approximatean anisotropionediumby an elliptical one,the non-linearsystem(5)
shouldbe solvedby a numericaimethod.Whenfour parameters,, co2, ¢1o and4 are
computedheremainingparametersss, c,4 andcgg aredeterminedy (6).

Solving the non-linearsysteminside eachcell of the FD-grid is too expensve.
The proposedway, therefore,is suitablefor a piece-wisehomogeneouganisotropic
mediumwhenit is possibleto usetheelliptical referencanediumfor eachlayer The
ellipsoidalmediumcanbe usedfor calculationof traveltimesby anFD eikonal solver
with embeddegberturbatiorscheme.

CONCLUSION

The presentedlgorithmprovidesa methodfor the efficient computationof the first
arrival traveltimesfor 3-D elliptically anisotropicmedia. The maximumrelative er
ror doesnot exceed0.4%. The calculationtechniquefor approximatingan arbitrary
anisotropicnediumby an ellipsoidalmediumwasconsideredAs aresultwe getthe
nonlinearsystemfor definingparameter®f a referencemedium. Futurework must
be devotedto solvingthis systemfor embeddinga first orderperturbationrmethodto
theFD schemen orderto consideranarbitraryanisotropianedium.Thistechniquas
suitablefor piece-wisehomogeneouanisotropianedium.
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