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ABSTRACT

We numericallyinvestigateheinverseopemtion to the classicalKirchhof-Helmholtz
integral. Thisopemation,which wecall Kirchhof demodelingis completelyanalogous
to the forward modelingoperation. In the sameway asthelatter integratesalongthe
depthreflectorthenew inversedemodelingpermationintegratesalongthecorrespond-
ing reflectiontraveltimesurface Theresultis a seismicpulseat the reflectordepth,
multipliedwith thecorrespondingeflectioncoeficient. In thisway, wehavea newv and
promisingmigration techniqueat hand. We will referto this methodas migration by
demodelingin accodanceto its positionin the triangle of modeling migration, and
modelingby demigation. A particular attraction of the proposedmigration method
is that it is a mud faster processthan corventionalKirchhof migration, evenwhen
appliedwith full true-amplitudeweights. Demodelings a target-orientedoperation
asit canberestrictedto a target reflector Demodelingequiresan identificationand
picking of the eventsto be migrated. This should,however, not posea severe restric-
tion to theapplicability of the methodsincethe identificationof horizonsof interestis
alwaysnecessaryat somestage of the seismigprocessingequenceln this sensethe
new processs notbeseemasreplacementf Kirchhof migration, but asanalternative
and complementaryprocedue. Possibleapplicationsincludethe fasttrue-amplitude
migration of an identifiedeventto determinewhethera promisingAvO trendin the
CMP sectionis confirmedafter migration.

INTRODUCTION

Wave propagatiornn acoustianediacanbedescribedy theKirchhoff integral (Som-
merfeld,1964). So,a naturalideais to usethis integral to solve theinverseproblem,
thatis, to reconstructhe mediumof propagatiorform the recordedwvavefield. As is
well-know, however, the Kirchhoff integral cannotbe usedfor backward propagation
becausat yields zeroif the recever is within the closedsurfaceover which is inte-
grated(Langenbay, 1986). A correctinversionis alsoimpossiblebecausdhenthe
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evanescenpartsof the wave field explode. To overcomethis problem,one usually
works with the complex conjugateof the Kirchhoff integral (Porter,1970; Bojarski,
1982). In this way, the nonaranescenpartsof the wave field arecorrectlybackprop-
agatedvhereaghe evanescenpartsare exponentiallydamped.This approacHeads
to thewell-known Kirchhoff migrationasis usedtodayin practice(Schneiderl978).
Thesamemigrationoperatoresultsfrom ageometricabpproactwhichimpliessum-
ming up all possiblecontributionsof a single'diffractionpoint' in the wave field. It

turns out that migration can be realizedby a weightedstack along the diffraction-
traveltime (or Huygens)uriacesRockwell,1971).

Most recently however, a differentapproachwasusedto setup an approximate
inverseoperationto the Kirchhoff forward-modelingntegral in Kirchhoff-Helmholtz
approximation(Tygel et al., 2000). The new inverseKirchhoff-Helmholtzintegral is
formedin acompletelyanalogousvay to the original forwardintegral by substituting
all kinematicquantitiedoy theircorrespondinglualonesin accordancwith theduality
relationshipderved by (Tygel et al., 1995). For example,the integrationalongthe
reflectoris substitutedoy one alongthe reflection-traeltime surfaces. The weight
factoris thenobtainedby thecriteriumthattheoutputamplitudeof theinverseintegral
shouldbeidenticalto theinputamplitudeof theforwardintegral.

The new inverseintegral canbe usedin seismicimagingto designa new migra-
tion techniqgue Becausef its asymptotidnverserelationshipto forward modelingby
the Kirchhoff integral, we referto the new migrationtechniqueasKirchhoff demod-
eling. In this paper we presentsyntheticexampleson simple earthmodelsof how
the demodelingntegral canbe employedfor the purposeof a seismictrue-amplitude
migration.

Notethatthenew Kirchhoff-Helmholtzmigrationis evenmoreeconomic¢hancon-
ventionalKirchhoff migration. Insteadof all possiblediffraction-traveltime surfaces,
only thetruereflection-traeltimesurfacesareneededsstackingsurfaces.Thismakes
Kirchhoff demodelingalso a target-orientedprocess. However, wherecorventional
Kirchhoff migrationcanbe restrictedto a target zone(that may ore may not contain
oneor mary reflectors)Kirchhoff demodelingcanbe restrictedto a target reflector
Of coursethereis apriceto be payed.Thedravbackof Kirchhoff demodelings that
thereflection-traeltime surfaceshave to beindentifiedandpicked beforethey canbe
migrated. On the other hand, the identifying and picking hasgenerallyto be done
anyway at somestageof the seismicprocessingequence.

Oncethereflection-traeltime surfacesare picked andthe traceamplitudesalong
themareknown, it is sufficient to performthe very samestackalongthemfor ary
arbitrarydepthpoint. The only quantitythat changesn the processasa function of
the depthpoint to be migratedis the weightfunction. The resultof this proceduras
a true-amplitudemigratedimageequialentto whatis obtainedafter a corventional
true-amplitudeKirchhoff migration.
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The detailsof the theoryinvolvedin settingup the mentionednverseKirchhoff-
Helmholtzintegral canbefoundin (Tygel etal., 2000). A derivationof the constant-
velocity formulasthat were usedin the presentimplementations givenin the Ap-
pendix. The main purposeof this paperis to addresghe more practicalaspectsof
Kirchhoff demodeling For thisaim, we studythe procedurenumericallyandcompare
its resultsto thoseof corventionalKirchhoff migration.

NUMERICAL ANALYSIS

To verify thevalidity of thedemodelingntegral, we have designeda coupleof simple
numericalexperiments.
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Figurel: Modell: A slightly curvedinterfacebelon ahomogeneousverburden.

The first one is a seismic common-ofset experiment with a half-offset of
h =500 m, simulatedabove the earthmodeldepictedin Figurel. It consistsof two
homogeneouacoustidayerswith constantelocitiesof 4 km/sand4.5km/s,respec-
tively, separatedy a smoothinterfacein theform of adomestructure.Thetop of the
domeis at 600 m depth,andits baseis at 800 m. The terminology'common-ofset
experiment'meansthat all source-receer pairsinvolved are separatedy the same
fixed source-receer distance(offset) of 2- = 1000 m. The common-ofset section
wasgeneratedy a ray tracingalgorithmusinga symmetricRicker wavelet (Ricker,
1953) of unit peakamplitudeand of durationof 7" = 64 ms, i.e., with a dominant
(peak)frequeny of about30 Hz. In orderto performthe demodelingintegral, it is
necessaryo extractthe traveltime curve andthe amplitudesof the seismicreflection
event. Thiswasdoneby anautomatigicking process.

In Figure2, we comparethe demodelingresultwith the correspondind<irchhoff
depthmigratedsection(everyfifth traceis shavn). Like Kirchhoff migration,alsode-
modelingprovidesanimagewith waveletsperfectlyalignedalongthereflector which
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Figure2: (a) Kirchhoff depthmigratedsection,(b) Kirchhoff demodeledsection,of
noise-freecommon-ofsetdatafor Model .

is indicatedby a continuoudine. This confirmsthatdemodelingcorrectly positions
thereflectorin depth.
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Figure3: (a) Amplitudesalongthereflectorfrom demodelingsolid line) andKirch-
hoff migration(dashedine) in comparisorto reflectioncoeficients (bold line). (b)
Relatve errors.

To checkon the amplitudes,Figure 3a compareghe obtainedpeak amplitudes
alongthereflectorfrom demodelingandKirchhoff migrationwith thetheoreticalal-
uesof thereflectioncoeficient.

We obsenre analmostperfectcoincidencebetweerthe migratedamplitudegthin
anddashedines) andthetheoreticalcurve (bold line) in a large region in the center
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of the figure. On both sides,a larger error canbe obsened thatis dueto boundary
effects.In theboundaryegion, dataaremissing,whichleadsto anuncompletgecon-
structionof thetrueamplitudes Notethatthe boundaryzoneof demodelings visibly
smallerthanthat of Kirchhoff migration. Figure 3b quantifiesthe relatve amplitude
errorsof both migrationmethods.In the centralregion, the errorsfluctuatearounda
mearvalueof aboutonehalf of onepercentneverexceedingonepercentasindicated
by the box. This errorof about1% is dueto numericaleffectsandcanbe furtherre-
ducedby reducingthetemporalandspatialsamplingrates.Theseresultsconfirmthat
the demodelingntegral constitutesan asymptoticnverseto the well-knowvn forward
Kirchhoff-Helmholtz integral. Moreover, we seethat underideal circumstanceshe
imagequality achievedby demodelingcanbe superiorto thatof Kirchhoff migration.
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Figure4: (a) Kirchhoff depthmigratedsection,(b) Kirchhoff demodeledsection,of
noisy common-ofsetdatafor Model .

To testdemodelingundermorerealistic conditions,we have repeatedhe above
experimentsaddingwhite noisewith signal-to-noiseatio 3 to theray data. There-
sulting migratedsectionsaredepictedin Figure4. As expectedthe kinematicss not
affectedby thenoise.As anadwantageof demodelingyve obsene thatoff thereflector
the noiselevel is muchlower thanin Kirchhoff migration. The effect of noiseon the
amplitudess studiedin Figure5. Both migrationmethodssuffer to moreor lessthe
sameextentfrom thenoise. Theamplitudeerrorsrarelyexceedthenoiselevel of 30%
indicatedby thebox.

An analysisof a new migration methodwould not be completewithout a test
in the presenceof a caustic. Therefore,we simulateda common-ofset experiment
over the troughstructuredepictedin Figure6. The syntheticmodelingwasdoneby
an implementationof the forward Kirchhoff-Helmholtz integral to include realistic
diffractionevents.Theresultsof demodelingandKirchhoff depthmigrationarecom-
paredin Figure7. As we cansee,demodelingprovides as good a position of the
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Figure5: (a) Amplitudesalongthe reflectorfrom demodelingsolid line) andKirch-
hoff migration(dashedine) in comparisorto reflectioncoeficients (bold line). (b)
Relatve errors.
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Figure6: Modelll: A troughstructurebelov ahomogeneousverkurden.

migratedreflectorimageasKirchhoff migration. The principaldravbackof demodel-
ing is notedwhencomparingheamplitudesalongthereflector(Figure8). Becausef

thepresencef thediffractions theamplitudesnflanksof thetrougharenotcorrectly
recovered.In therangebetween500m and500m (excepta smallregion aroundthe

origin), the error stronglyfluctuatesandexceeds50%. Furtherinvestigationn how

to distinguistreflectiondrom diffractionsandhow to separateonflictingeventsin the
picking processareernvisagedo improve demodelingamplitudesn causticregions.
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Figure7: (a) Kirchhoff depthmigratedsection,(b) Kirchhoff demodeledsection,of
noise-freecommon-ofsetdatafor Model 1.
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Figure8: (a) Amplitudesalongthereflectorfrom demodelingsolid line) andKirch-
hoff migration(dashedine) in comparisorto reflectioncoeficients (bold line). (b)
Relatve errors.

CONCLUSIONS

We have presenteda numericalanalysisof a nev migration methodbasedon the
Kirchhoff-Helmholtz integral. Sincethe processunderinvestigationrepresentsan
(asymptotic)inverseto Kirchhoff modeling, we have termedit Kirchhof demodel-
ing. Thedemodelingntegral is completelyanalogoudo the modelingintegralin the
sensethat it doesexactly the sameprocedurealongthe reflectiontraveltime surface
thatthemodelingintegral doesalongthereflector
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By ournumericalanalysiswe have confirmedthatdemodelingcanindeedbeused
for migrationpurposes.In all our experiments demodelingcorrectly positionedthe
reflectorin depth. Concerningamplitudes,demodelingpresentgositive aswell as
negative properties.Positvely is to be notedthat, underideal circumstancesjemod-
eling recoversthereflectioncoeficientsalongthereflectinginterfacewith very small
errors. Boundaryzonescan be kept smallerthanin Kirchhoff migration. Random
noisedoesnot affect demodelingamplitudesany morethanit doesKirchhoff migra-
tion. Off thereflector thenoiselevel is reducedoy demodeling As a negative quality
of demodelingijts badamplituderecoveryin the presencef causticgs to becited.

From an implementationapoint of view, we wantto stressthe following differ-
encesbetweerKirchhoff migrationanddemodeling.Becauseof the structureof the
underlyingintegrals,demodelings muchfasterthanKirchhoff migration,evenwhen
appliedwith full true-amplitudeneights. We remindthat the demodelingprocesss
analogouso thatof Kirchhoff modelingand,thus,needscomparableomputingtime.
Like Kirchhoff migration,demodelings a target-orientedmigration method. How-
ever, contraryto Kirchhoff migration,wherea target zoneneedsto be specified,de-
modelingcandirectly berestrictedto atarget reflector

As adisadwantagewe remindthatdemodelingequiresanidentificationandpick-
ing of the eventsto be migrated.In consequencats resultmay vary with the picking
algorithmused. For a kinematicmigration,traveltime picking is sufiicient. For true-
amplitudemigration,amplitudepicking is alsonecessaryThis should,however, not
posea severerestrictionto the applicability of the methodsincethe identificationof
horizonsof interestis always necessaryt somestageof the seismicprocessinge-
guence.

In conclusionthenew processs notto beseerasreplacemendf Kirchhoff migra-
tion, but asanalternatve andcomplementarprocedurePossibleapplicationsnclude
thefasttrue-amplitudenigrationof anidentifiedeventto determinevhetherapromis-
ing AVO trendin the CMP sectionis confirmedaftermigration.
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APPENDIX A
2.5-DCONSTANT VELOCITY FORMULAS

In this appendixwe investigatebriefly the form of the InverseKirchhoff-Helmholtz
integral (Tygeletal., 2000),
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for the 2.5D casein constant-elocity media. In theabove formula, Z = (z,y), 5 =
(€,7), t = T(€) is thetraveltime curve and A is the amplitudeof the eventwith pulse
shapef'(t) foundin theseismidraceatI". Also, d,, denoteshepartialderivativein the
directionof thenormali to I and Z(Z, £, ) is theisochronfunctiondefinedmplicitly
by

T(€,#,Z) = t = constant, (A-2)

whereT (£, Z, z) is thetraveltime from the source-poiniS(€) to the depth-point(Z, z)

andbackto therecever-pointG(¢). To garanteeorrectamplituderecovery, thekernel

W is selectedhs s
. = hgv’cos0
W(Z,6) = = ———LsLa , (A-3)
COS“ ¢
wherev is the mediumvelocityat M = (Z, Z(%,&,T)), andLg and L arethethe
point-sourcegeometrical-spreadini@ctorsalongthe ray sgmentsSM ansMG, re-
spectvely. Moreover, § representshe anglethe normalto I' makeswith the vertical
t-axis,and«a denoteghe incidenceanglethattheincomingray SM makeswith the
isochronnormalat M. Finally, g is the modulusof the Beylkin determinant,

V.T(E M)
hg =det| 0V, T(E, M) |, (A-4)
0,V T (€, M)

whereV,, = (0,, 0,, 0,) is thespatialgradientoperator

In the2.5D caseandassumingwithoutlossof generalitythaty andn arethesim-

—

metry axes,we maywrite ¥ = (z,0), A(§) = A(¢), T'(§) = T'(£), S(&) = (z5(£),0)

—

andG(€) = (zg(€),0). We alsodefinethe midpointandhalf-offsetcoordinates,

m="57% " ang p=Te"T5 (A-5)
2 2

In the above integral (A-1), the normal directionis not properly defined,sincethe
t- andf—coordinatesha/e differentdimensions.In orderto overcomethis problem,
we must changethe scaleof the t-axis. For constanty, we definethe newv depth
coordinateas( = wt, sothatit hasthe samedimension(length) asthe £-axes. In
thenew coordinatesthetraveltime surfaceis givenby ¢ = ul“(g). Theintegral (A-1)
is therefore,

I(z,2) = % / dédn W(z, &) A(§) [ - VeZ(w, &, ¢/v)|cmor 0:F (2 — Z(2,E,T)),

(A-6)
where Ve = (0, 0,,0;). Note that now the non-unitary surface normal i =
(vI”, 0, —1) is well defined.Moreover, from now on, theprimewill indicatederivative
with respecto the horizontal-coordinaté.
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To make useof the simmetryof the 2.5D situation,we transformintegral (A-6)
into thefrequeng domain,whereit reads

Zk .7: = R — i -
I(z,k,) = dédn W(z,§) A(§) [1-VeZ(2,,(/v)|c=or exp{—ik.Z(z,§, 1)} .
(A7)

Here, F denoteghe Fouriertransformof F'.

Theisochronz = Z(z, 5’, () correspondingo a constantime, canbeeasilyevalu-
atedasthehalf-ellipsoidof revolution with centerat (m, 0, 0) andsemi-axes

a:U—t:g and b=+va%—h?. (A-8)

2 27

In symbolswe have theisochron

- x—m)? n?

Z(i,g,g):b\/l—i( o ) - (A-9)
TheBeylkin determinan{A-4), in thiscaseyeduceso (seeMartinsetal., 1997)

2Zcos’a [y b 1 1
hp—= 2" 7 [25 L 2G ). (_ _) A-10
BT <L§+L‘é> Ls ' Lo) (A-10)

with

Lo=1/(zs—2?+22, and Lg=/(zq—o)?+22. (A-11)

Notethatwe do not needto computecos? o, sinceit will be canceledn thecomputa-
tion of thekernel(A-3). Thelastquantitywe needis cos? §, whichis givenby

cos?f =1+ (vI'(€))? . (A-12)

Thereforetheexpressiorfor thekernel(A-3) is

!

Wt =2 [+ OO 2 e+ Lol [S+ 58] )

We alsomustcomputethegradienteV . Z. After somealgebraiamanipulationwe
find

a* — h?(x —m)?
2Za3 ’

0
2Za?’

0eZ = 0,2 = —% , and 0.2 = (A-14)

where,

v = bz —m)(as + 26) + h(zs — 26)(a” — (z —m)*) . (A-15)
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Now we arereadyto approximateheintegral in n by the stationaryphasemethod.
Thegeneraformulastateghatfor |k| — oo,

2w
2' k wli(n*)

wheren* is thefirst-orderstationarypoint of ¢, i.e., ¢'(n*) = 0 andy"(n*) # 0. In
ourcasey(n) = Z(z,&,n),n* = 0,9"(0) = 0; 2 = —1/Z andy(0) = Z.

[ dn o) expi—iku(n} ~ o) exp{=ikv(n)},  (A-16)

Applying all theresultsabove to theintegralin n in equation(A-7), we find

I(z, k) = F(k;) 1/ ‘;7’:** / e A(E) W [0:2 — v['0:2] VZ exp{—ik, 2} .

(A-17)
SubstitutinghekernelYV givenby equation(A-13), we finally arrive at
_ —ik, R o
k) = F(k) 5o [deA©) Lo+ L] |52+ 56| 1+ ()
(a* — R*(x — m)? — avly) g exp{—ik,Z} , (A-18)
or, equvalentlyin time-domain,
I@,9) = 2= [ A© Wasla, ) D.F (= 2@ ET). (A9

whereD, denoteshedepth-reersehalf-dervative, whichis equivalentto multiply by
v —1ik, in frequeny domain,andwherethe2.5Dweightfunctionfor constantelocity
is givenby

! !

Was(z,€) = [Ls + La] [Z—gg + 2—%1 1+ (WD) (a* — B2(z — m)? — awl')

VZ
2—61;; -
(A-20)



