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Seismicmigration by demodeling
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ABSTRACT

We numericallyinvestigatetheinverseoperation to theclassicalKirchhoff-Helmholtz
integral. Thisoperation,which wecall Kirchhoff demodeling, is completelyanalogous
to theforward modelingoperation. In thesamewayasthelatter integratesalongthe
depthreflector, thenew inversedemodelingoperationintegratesalongthecorrespond-
ing reflectiontraveltimesurface. Theresult is a seismicpulseat the reflectordepth,
multipliedwith thecorrespondingreflectioncoefficient.In thisway, wehavea new and
promisingmigration techniqueat hand. We will refer to this methodasmigration by
demodeling, in accordanceto its positionin the triangle of modeling, migration, and
modelingby demigration. A particular attractionof the proposedmigration method
is that it is a much fasterprocessthan conventionalKirchhoff migration, evenwhen
appliedwith full true-amplitudeweights. Demodelingis a target-orientedoperation
asit canberestrictedto a target reflector. Demodelingrequiresan identificationand
picking of theeventsto bemigrated. Thisshould,however, not posea severe restric-
tion to theapplicabilityof themethodsincetheidentificationof horizonsof interestis
alwaysnecessaryat somestage of theseismicprocessingsequence. In this sense, the
new processis notbeseenasreplacementof Kirchhoff migration,but asanalternative
andcomplementaryprocedure. Possibleapplicationsincludethe fast true-amplitude
migration of an identifiedeventto determinewhethera promisingAVO trendin the
CMPsectionis confirmedaftermigration.

INTRODUCTION

Wavepropagationin acousticmediacanbedescribedby theKirchhoff integral (Som-
merfeld,1964). So,a naturalideais to usethis integral to solve theinverseproblem,
that is, to reconstructthemediumof propagationform the recordedwavefield. As is
well-know, however, theKirchhoff integral cannotbeusedfor backwardpropagation
becauseit yields zeroif the receiver is within the closedsurfaceover which is inte-
grated(Langenberg, 1986). A correctinversionis also impossiblebecausethenthe
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evanescentpartsof the wave field explode. To overcomethis problem,oneusually
works with the complex conjugateof the Kirchhoff integral (Porter,1970;Bojarski,
1982). In this way, thenonevanescentpartsof thewave field arecorrectlybackprop-
agatedwhereasthe evanescentpartsareexponentiallydamped.This approachleads
to thewell-known Kirchhoff migrationasis usedtodayin practice(Schneider, 1978).
Thesamemigrationoperatorresultsfrom ageometricalapproachwhich impliessum-
ming up all possiblecontributionsof a single'diffractionpoint' in thewave field. It
turns out that migration can be realizedby a weightedstackalong the diffraction-
traveltime(or Huygens)surfaces(Rockwell,1971).

Most recently, however, a differentapproachwasusedto setup an approximate
inverseoperationto theKirchhoff forward-modelingintegral in Kirchhoff-Helmholtz
approximation(Tygel et al., 2000). Thenew inverseKirchhoff-Helmholtz integral is
formedin acompletelyanalogousway to theoriginal forwardintegralby substituting
all kinematicquantitiesby theircorrespondingdualonesin accordancewith theduality
relationshipsderivedby (Tygel et al., 1995). For example,the integrationalongthe
reflectoris substitutedby one along the reflection-traveltime surfaces. The weight
factoris thenobtainedby thecriteriumthattheoutputamplitudeof theinverseintegral
shouldbeidenticalto theinputamplitudeof theforwardintegral.

The new inverseintegral canbeusedin seismicimagingto designa new migra-
tion technique.Becauseof its asymptoticinverserelationshipto forwardmodelingby
theKirchhoff integral, we refer to thenew migrationtechniqueasKirchhoff demod-
eling. In this paper, we presentsyntheticexampleson simpleearthmodelsof how
thedemodelingintegral canbeemployedfor thepurposeof a seismictrue-amplitude
migration.

Notethatthenew Kirchhoff-Helmholtzmigrationisevenmoreeconomicthancon-
ventionalKirchhoff migration. Insteadof all possiblediffraction-traveltimesurfaces,
only thetruereflection-traveltimesurfacesareneededasstackingsurfaces.Thismakes
Kirchhoff demodelingalsoa target-orientedprocess.However, whereconventional
Kirchhoff migrationcanberestrictedto a target zone(thatmayoremaynot contain
oneor many reflectors)Kirchhoff demodelingcanbe restrictedto a target reflector.
Of course,thereis apriceto bepayed.Thedrawbackof Kirchhoff demodelingis that
thereflection-traveltimesurfaceshave to beindentifiedandpickedbeforethey canbe
migrated. On the otherhand,the identifying andpicking hasgenerallyto be done
anywayatsomestageof theseismicprocessingsequence.

Oncethe reflection-traveltimesurfacesarepickedandthe traceamplitudesalong
themareknown, it is sufficient to performthe very samestackalong themfor any
arbitrarydepthpoint. Theonly quantitythat changesin the processasa functionof
thedepthpoint to bemigratedis theweight function. Theresultof this procedureis
a true-amplitudemigratedimageequivalentto what is obtainedafter a conventional
true-amplitudeKirchhoff migration.
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Thedetailsof the theoryinvolvedin settingup thementionedinverseKirchhoff-
Helmholtzintegral canbefoundin (Tygel et al., 2000). A derivationof theconstant-
velocity formulasthat wereusedin the presentimplementationis given in the Ap-
pendix. The main purposeof this paperis to addressthe morepracticalaspectsof
Kirchhoff demodeling.For thisaim,westudytheprocedurenumericallyandcompare
its resultsto thoseof conventionalKirchhoff migration.

NUMERICAL ANALYSIS

To verify thevalidity of thedemodelingintegral,wehavedesignedacoupleof simple
numericalexperiments.
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Figure1: Model I: A slightly curvedinterfacebelow ahomogeneousoverburden.

The first one is a seismic common-offset experiment with a half-offset of� ø 500m, simulatedabove theearthmodeldepictedin Figure1. It consistsof two
homogeneousacousticlayerswith constantvelocitiesof 4 km/sand4.5km/s,respec-
tively, separatedby a smoothinterfacein theform of adomestructure.Thetop of the
domeis at 600 m depth,andits baseis at 800 m. The terminology'common-offset
experiment'meansthat all source-receiver pairs involvedareseparatedby the same
fixed source-receiver distance(offset) of � � ø�\²�³�³� m. Thecommon-offset section
wasgeneratedby a ray tracingalgorithmusinga symmetricRicker wavelet (Ricker,
1953)of unit peakamplitudeandof durationof

ü ø ¯�´ ms, i.e., with a dominant
(peak)frequency of about30 Hz. In orderto performthe demodelingintegral, it is
necessaryto extract the traveltimecurve andtheamplitudesof theseismicreflection
event.Thiswasdoneby anautomaticpickingprocess.

In Figure2, we comparethedemodelingresultwith thecorrespondingKirchhoff
depthmigratedsection(everyfifth traceis shown). LikeKirchhoff migration,alsode-
modelingprovidesanimagewith waveletsperfectlyalignedalongthereflector, which
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Figure2: (a) Kirchhoff depthmigratedsection,(b) Kirchhoff demodeledsection,of
noise-freecommon-offsetdatafor Model I.

is indicatedby a continuousline. This confirmsthat demodelingcorrectlypositions
thereflectorin depth.

-1000 0 1000

0.08

0.09

0.1

0.11

(a)

Distance (m)

R
ef

le
ct

io
n 

C
oe

ffi
ci

en
t

-1000 0 1000
-10

-5

-1
1

5

10
(b)

Distance (m)

R
el

at
iv

e 
E

rr
or

 (
%

)

Figure3: (a) Amplitudesalongthereflectorfrom demodeling(solid line) andKirch-
hoff migration(dashedline) in comparisonto reflectioncoefficients(bold line). (b)
Relativeerrors.

To checkon the amplitudes,Figure 3a comparesthe obtainedpeakamplitudes
alongthereflectorfrom demodelingandKirchhoff migrationwith thetheoreticalval-
uesof thereflectioncoefficient.

We observe analmostperfectcoincidencebetweenthemigratedamplitudes(thin
anddashedlines) andthe theoreticalcurve (bold line) in a large region in the center
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of the figure. On both sides,a larger error canbe observed that is dueto boundary
effects.In theboundaryregion,dataaremissing,which leadsto anuncompleterecon-
structionof thetrueamplitudes.Notethattheboundaryzoneof demodelingis visibly
smallerthanthatof Kirchhoff migration. Figure3b quantifiesthe relative amplitude
errorsof bothmigrationmethods.In thecentralregion, theerrorsfluctuatearounda
meanvalueof aboutonehalf of onepercent,neverexceedingonepercent,asindicated
by thebox. This errorof about µj¶ is dueto numericaleffectsandcanbefurtherre-
ducedby reducingthetemporalandspatialsamplingrates.Theseresultsconfirmthat
thedemodelingintegral constitutesanasymptoticinverseto thewell-known forward
Kirchhoff-Helmholtz integral. Moreover, we seethat underideal circumstancesthe
imagequalityachievedby demodelingcanbesuperiorto thatof Kirchhoff migration.
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Figure4: (a) Kirchhoff depthmigratedsection,(b) Kirchhoff demodeledsection,of
noisycommon-offsetdatafor Model I.

To testdemodelingundermorerealisticconditions,we have repeatedthe above
experimentsaddingwhite noisewith signal-to-noiseratio 3 to the ray data. The re-
sultingmigratedsectionsaredepictedin Figure4. As expected,thekinematicsis not
affectedby thenoise.As anadvantageof demodeling,weobservethatoff thereflector
thenoiselevel is muchlower thanin Kirchhoff migration. Theeffect of noiseon the
amplitudesis studiedin Figure5. Both migrationmethodssuffer to moreor lessthe
sameextentfrom thenoise.Theamplitudeerrorsrarelyexceedthenoiselevel of 30%
indicatedby thebox.

An analysisof a new migration methodwould not be completewithout a test
in the presenceof a caustic. Therefore,we simulateda common-offset experiment
over the troughstructuredepictedin Figure6. Thesyntheticmodelingwasdoneby
an implementationof the forward Kirchhoff-Helmholtz integral to include realistic
diffractionevents.Theresultsof demodelingandKirchhoff depthmigrationarecom-
paredin Figure 7. As we can see,demodelingprovides as good a position of the
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Figure5: (a) Amplitudesalongthereflectorfrom demodeling(solid line) andKirch-
hoff migration(dashedline) in comparisonto reflectioncoefficients(bold line). (b)
Relativeerrors.
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Figure6: Model II: A troughstructurebelow ahomogeneousoverburden.

migratedreflectorimageasKirchhoff migration.Theprincipaldrawbackof demodel-
ing is notedwhencomparingtheamplitudesalongthereflector(Figure8). Becauseof
thepresenceof thediffractions,theamplitudesonflanksof thetrougharenotcorrectly
recovered.In therangebetween-500m and500m (excepta smallregion aroundthe
origin), theerrorstronglyfluctuatesandexceeds50%. Furtherinvestigationson how
to distinguishreflectionsfrom diffractionsandhow to separateconflictingeventsin the
pickingprocessareenvisagedto improvedemodelingamplitudesin causticregions.
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Figure7: (a) Kirchhoff depthmigratedsection,(b) Kirchhoff demodeledsection,of
noise-freecommon-offsetdatafor Model II.
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Figure8: (a) Amplitudesalongthereflectorfrom demodeling(solid line) andKirch-
hoff migration(dashedline) in comparisonto reflectioncoefficients(bold line). (b)
Relativeerrors.

CONCLUSIONS

We have presenteda numericalanalysisof a new migration methodbasedon the
Kirchhoff-Helmholtz integral. Since the processunder investigationrepresentsan
(asymptotic)inverseto Kirchhoff modeling,we have termedit Kirchhoff demodel-
ing. Thedemodelingintegral is completelyanalogousto themodelingintegral in the
sensethat it doesexactly the sameprocedurealongthe reflectiontraveltime surface
thatthemodelingintegraldoesalongthereflector.
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By ournumericalanalysis,wehaveconfirmedthatdemodelingcanindeedbeused
for migrationpurposes.In all our experiments,demodelingcorrectlypositionedthe
reflectorin depth. Concerningamplitudes,demodelingpresentspositive aswell as
negative properties.Positively is to benotedthat,underidealcircumstances,demod-
eling recoversthereflectioncoefficientsalongthereflectinginterfacewith very small
errors. Boundaryzonescanbe kept smallerthan in Kirchhoff migration. Random
noisedoesnot affect demodelingamplitudesany morethanit doesKirchhoff migra-
tion. Off thereflector, thenoiselevel is reducedby demodeling.As anegativequality
of demodeling,its badamplituderecovery in thepresenceof causticsis to becited.

From an implementationalpoint of view, we want to stressthe following differ-
encesbetweenKirchhoff migrationanddemodeling.Becauseof the structureof the
underlyingintegrals,demodelingis muchfasterthanKirchhoff migration,evenwhen
appliedwith full true-amplitudeweights. We remindthat the demodelingprocessis
analogousto thatof Kirchhoff modelingand,thus,needscomparablecomputingtime.
Like Kirchhoff migration,demodelingis a target-orientedmigrationmethod. How-
ever, contraryto Kirchhoff migration,wherea target zoneneedsto bespecified,de-
modelingcandirectlyberestrictedto a target reflector.

As adisadvantage,weremindthatdemodelingrequiresanidentificationandpick-
ing of theeventsto bemigrated.In consequence,its resultmayvary with thepicking
algorithmused.For a kinematicmigration,traveltimepicking is sufficient. For true-
amplitudemigration,amplitudepicking is alsonecessary. This should,however, not
posea severerestrictionto theapplicabilityof the methodsincethe identificationof
horizonsof interestis alwaysnecessaryat somestageof the seismicprocessingse-
quence.

In conclusion,thenew processis notto beseenasreplacementof Kirchhoff migra-
tion,but asanalternativeandcomplementaryprocedure.Possibleapplicationsinclude
thefasttrue-amplitudemigrationof anidentifiedeventto determinewhetherapromis-
ing AVO trendin theCMPsectionis confirmedaftermigration.
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APPENDIX A

2.5-DCONSTANT VELOCITY FORMULAS

In this appendixwe investigatebriefly the form of the InverseKirchhoff-Helmholtz
integral (Tygeletal., 2000),·5¸º¹»¤¼%½³¾�¿ÁÀ µÂ�ÃªÄÆÅ�ÇÉÈ ¸º¹»Ê¼ ¹Ë ¾+Ì ¸ ¹Ë ¾SÍ�Î�Ï ¸ ½ÐÀÒÑ ¸º¹»Ê¼ ¹Ë ¼�Ó�¾�¾²Ô Õ7Ö�×ÙØ�ÚÛÝÜ2Þ (A-1)
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for the2.5D casein constant-velocity media. In theabove formula,
¹»Ò¿ ¸ »¤¼bß�¾ , ¹Ë ¿¸ Ë ¼bà�¾ , Ó'¿ Ç ¸ ¹Ë ¾ is thetraveltimecurve and Ì is theamplitudeof theeventwith pulse

shapeÏ ¸ Ó�¾ foundin theseismictraceat Ç . Also, Í�Î denotesthepartialderivativein the
directionof thenormal

¹á to Ç and Ñ ¸º¹»Ê¼ ¹Ë ¼�Ó�¾ is theisochronfunctiondefinedimplicitly
by â ¸ ¹Ë ¼ ¹»¤¼%Ñã¾S¿äÓ�¿ constant¼ (A-2)

where
â ¸ ¹Ë ¼ ¹»¤¼b½�¾ is thetraveltimefrom thesource-pointå ¸ ¹Ë ¾ to thedepth-poinţ

º¹»Ê¼%½³¾
andbackto thereceiver-point æ ¸ ¹Ë ¾ . To garanteecorrectamplituderecovery, thekernelÈ is selectedas È ¸º¹»Ê¼ ¹Ë ¾S¿èç�éëêeì�íNî³ïbð�ñíNî³ï ð�ò ó�ô�ó�õ ¼ (A-3)

where ê is the mediumvelocity at ö ¿ ¸²¹»¤¼%Ñ ¸º¹»¤¼ ¹Ë ¼ Ç ¾�¾ , and ó÷ô and ó÷õ arethe the
point-sourcegeometrical-spreadingfactorsalongthe ray segmentså�ö ans öøæ , re-
spectively. Moreover, ñ representstheanglethenormalto Ç makeswith theverticalÓ -axis,and ò denotesthe incidenceanglethat the incomingray å�ö makeswith the
isochronnormalat ö . Finally, ç�é is themodulusof theBeylkin determinant,

ç�é ¿äù�úNûSüüüüüüüü
ýãþ â ¸ ¹Ë ¼ ö ¾Í Û ýãþ â ¸ ¹Ë ¼ ö ¾Í³ÿ ýãþ â ¸ ¹Ë ¼ ö ¾ üüüüüüüü

¼ (A-4)

where
ý þ ¿ ¸ Í þ ¼%Í � ¼%Í��B¾ is thespatialgradientoperator.

In the2.5Dcase,andassuming,withoutlossof generality, that ß and à arethesim-
metryaxes,we maywrite

¹»�¿ ¸ »¤¼���¾ , Ì ¸ ¹Ë ¾÷¿ Ì ¸ Ë ¾ , Ç ¸ ¹Ë ¾÷¿ Ç ¸ Ë ¾ , å ¸ ¹Ë ¾÷¿ ¸ » ô ¸ Ë ¾B¼���¾and æ ¸ ¹Ë ¾�¿ ¸ » õ ¸ Ë ¾ ¼���¾ . Wealsodefinethemidpointandhalf-offsetcoordinates,��¿ » ô � » õ� ¼ and ç ¿ » õ À�» ô� Þ (A-5)

In the above integral (A-1), the normal direction is not properly defined,sincetheÓ - and
¹Ë
-coordinateshave differentdimensions.In order to overcomethis problem,

we must changethe scaleof the Ó -axis. For constantê , we definethe new depth
coordinateas 	 ¿ ê Ó , so that it hasthe samedimension(length)as the

¹Ë
-axes. In

thenew coordinates,thetraveltimesurfaceis givenby 	 ¿ ê Ç ¸ ¹Ë ¾ . Theintegral (A-1)
is therefore,·5¸ »¤¼%½�¾�¿ µÂÙÃªÄÆÅ Ë Å à È ¸ »¤¼ ¹Ë ¾
Ì ¸ Ë ¾�
 ¹á� ý Û Ñ ¸ »¤¼ ¹Ë ¼ 	�� ê ¾���� Ö��+× Í��NÏ ¸ ½[À Ñ ¸ »¤¼ ¹Ë ¼ Ç ¾�¾�¼

(A-6)
where

ý Û ¿ ¸ Í Û ¼%Í³ÿ�¼%Í��B¾ . Note that now the non-unitarysurface normal
¹á ¿¸ ê Ç�� ¼���¼ºÀ µ ¾ is well defined.Moreover, from now on,theprimewill indicatederivative

with respectto thehorizontal-coordinate
Ë
.
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To make useof the simmetryof the 2.5D situation,we transformintegral (A-6)
into thefrequency domain,whereit reads·5¸ »¤¼���� ¾�¿�� ����� ¸ ��� ¾Â�Ã Ä Å Ë Å à È ¸ »¤¼ ¹Ë ¾2Ì ¸ Ë ¾ 
 ¹á!� ý Û Ñ ¸ »¤¼ ¹Ë ¼ 	�� ê ¾"�#� Ö��+× ú%$'&�(�À � ��� Ñ ¸ »¤¼ ¹Ë ¼ Ç ¾�) Þ

(A-7)
Here, � denotestheFouriertransformof Ï .

Theisochron½ ¿]Ñ ¸ »¤¼ ¹Ë ¼ 	 ¾ correspondingto aconstanttime,canbeeasilyevalu-
atedasthehalf-ellipsoidof revolutionwith centerat

¸ � ¼���¼���¾ andsemi-axes* ¿ ê Ó� ¿ 	 � ¼ and + ¿-, * ð À ç ð Þ (A-8)

In symbols,wehave theisochronÑ ¸ »¤¼ ¹Ë ¼ 	 ¾
¿ + . µ À ¸ » À/�É¾ ð* ð À à ð+ ð Þ (A-9)

TheBeylkin determinant(A-4), in thiscase,reducesto (seeMartinsetal., 1997)ç�é ¿ � Ñ í�î�ï ð òê ì �10 » � ôó ð ô � » � õó ð õ 2 �43 µó�ô � µó�õ65 ¼ (A-10)

with

ó÷ô ¿87 ¸ » ô À »5¾ ð � Ñ ð ¼ and ó÷õ ¿87 ¸ » õ À�»5¾ ð � Ñ ð Þ (A-11)

Notethatwe donot needto computeíNî³ï�ð ò , sinceit will becanceledin thecomputa-
tion of thekernel(A-3). Thelastquantityweneedis íNî³ïbð�ñ , which is givenbyíNî³ï ð ñ ¿ µ � ¸ ê Ç � ¸ Ë ¾�¾ ð Þ (A-12)

Therefore,theexpressionfor thekernel(A-3) isÈ ¸ »¤¼ Ë ¼�à�¾S¿ � 
 µ � ¸ ê Ç � ¸ Ë ¾�¾ ð ��Ñ9
 ó�ô � ó�õ �;: » � ôó ð õ � » � õó ð ô < Þ (A-13)

Wealsomustcomputethegradiente
ý Û Ñ . After somealgebraicmanipulation,we

find Í Û Ñ�¿ =� Ñ>* ð ¼ Í³ÿºÑ�¿�À àÑ ¼ and Í?� Ñ�¿ *�@ À ç�ð ¸ »�ÀA�É¾ ð� Ñ>* ì ¼ (A-14)

where, = ¿ + ð ¸ »�ÀB�É¾ ¸ » � ô � » � õ ¾ � ç ¸ » � ô À » � õ ¾ ¸ * ð À ¸ »�À/�É¾ ð ¾ Þ (A-15)
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Now wearereadyto approximatetheintegral in à by thestationaryphasemethod.
Thegeneralformulastatesthatfor ÔC�¤ÔED F ,Ä Å à>G ¸ à�¾ãú�$'&�(�À � �'H ¸ à�¾�)JI . � Ã� �>H � � ¸ à�K%¾ G ¸ à K ¾ãú�$�&�(�À � ��H ¸ à K ¾�) ¼ (A-16)

where à K is thefirst-orderstationarypoint of H , i.e., H � ¸ à K ¾!¿L� and H � � ¸ à K ¾NM¿L� . In
ourcase,H ¸ à�¾S¿øÑ ¸ »¤¼ Ë ¼bà�¾ , à K ¿O� , H � � ¸ ��¾S¿øÍ ðÿ Ñ ¿ À µP� Ñ and H ¸ ��¾�¿]Ñ .

Applying all theresultsabove to theintegral in à in equation(A-7), wefind·5¸ »¤¼���� ¾�¿Q� ¸ ��� ¾ . À � ���� Ã Ä Å Ë Ì ¸ Ë ¾ È 
zÍ��BÑ À ê Ç � Í Û ÑR� , Ñ ú%$'&�(�À � ��� ÑS) Þ
(A-17)

Substitutingthekernel È givenby equation(A-13), wefinally arriveat·5¸ »¤¼���� ¾ ¿ � ¸ ��� ¾ . À � ���� Ã ÄÆÅ Ë Ì ¸ Ë ¾T
 ó�ô � ó�õ �U: » � ôó ð õ � » � õó ð ô < 
 µ � ¸ ê Ç � ¾ ð �¸ * @ À ç ð ¸ »XÀ/�É¾ ð ÀV* ê Ç � = ¾ , Ñ� * ì ú%$'&�(�À � ��� ÑS) ¼ (A-18)

or, equivalentlyin time-domain,·5¸ »¤¼%½�¾�¿ µ, � Ã Ä Å Ë Ì ¸ Ë ¾ È ð�W X ¸ »¤¼ Ë ¾!YZ� Ï ¸ ½ÐÀÒÑ ¸ »¤¼ Ë ¼ Ç ¾�¾'¼ (A-19)

whereYR� denotesthedepth-reversehalf-derivative,which is equivalentto multiply by, À � ��� in frequency domain,andwherethe2.5Dweightfunctionfor constantvelocity
is givenbyÈ ð�W X ¸ »¤¼ Ë ¾S¿8
 ó�ô � ó÷õ � : » � ôó ð õ � » � õó ð ô < 
 µ � ¸ ê Ç � ¾ ð � ¸ * @ À ç ð ¸ » À;�É¾ ð À;* ê Ç � = ¾ , Ñ� * ì Þ

(A-20)


