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ABSTRACT

This paperis concernedvith a numericalstudyof effectivevelocitiesin two typesof
fractured media. We apply the so-calledrotatedstaggeredfinite differencegrid tedh-
nique Using this modifiedgrid it is possibleto simulatethe propagation of elastic
wavesn a 2D or 3D mediumcontainingcradks, poresor freesurfaceswvithouthard-
codedboundaryconditions. Theefore it allows an efiicient and precisenumerical
studyof effectivevelocitiesin fracturedstructures.We modelthe propagationof plane
wavesthrougha setof differentrandomlycradked media. In thesenumericalexper
imentswe vary the crack density The syntheticresultsare compaed with several
theoriesthat predictthe effectiveP- and S-wavevelocitiesin fractured materials. For
randomlydistributedandrandomlyorientedrectilinearintersectinghin dry cracksthe
numericalsimulationsof velocitiesof P-, SV and SH-wavesre in excellentagreement
with theresultsof a new critical cradk density(CCD) formulation.On the otherhand
for randomlydistributedrectilinear parallel thin dry cradks three different classical
theoriesare compaedwith our numericalresults.

INTRODUCTION

The problemof effective elasticpropertiesof fracturedsolidsis of considerablen-

terestfor geophysicsfor materialscienceandfor solid mechanicsin this paperwe
considerthe problemof a fracturedmediumin two dimensionsWith thiswork some
broad generalizationgan be elucidatedthat will help solving problemswith more
complicatedjeometries.

Strongscatteringcausedoy mary dry crackscanbe treatedonly by numericaltech-
niguesbecausean analyticalsolutionof the wave equationis not available. So-called
boundaryintegral methodsarewell suitedto handlesuchdiscretescatterersn a ho-
mogeneousmbeddingThey allow the studyof S\V-waves(Davis andKnopoff, 1995;
Murai et al., 1995), SH-waves (DahmandBeclker, 1998)and P-waves (Kelneret al.,
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1999)in multiple fracturedmedia,but they arerestrictecdto non-intersectingracks.
Finite difference(FD) methodsdiscretizethe wave equationon a grid. They replace
spatialderivativesby FD operatorausing neighboringpoints. The wave field is also
discretizedn time, andthewave field for the next time stepis generallycalculatedby
usinga Taylor expansion.Sincethe FD approachs basedn the wave equationwith-
out physicalapproximationsthe methodaccountsot only for directwaves,primary
reflectedvaves,andmultiply reflectedwaves,but alsofor surfacewaves,headwaves,
convertedreflectedvaves,andwavesobsenredin ray-theoreticathadav zoneqKelly
etal.,1976).Additionally, it automaticallyaccountdor the properrelatve amplitudes.
ConsequentlyFD solutionsof the wave equationarewidely usedto studyscattering
of wavesby heterogeneitiege.g. (Saengeet al., 2000; Saengerand Shapiro,2000;
Franlel and Clayton,1986; Kneib and Kerner,1993; Andrews and Ben-Zion,1997;
Kusnandetal., 2000)).

In this paperwe presenta numericalstudyof effective velocitiesof two typesof frac-
tured2D-media.We modelthe propagatiorof planewavesthroughwell definedfrac-
turedregions. The numericalsetupis describedn section. Our numericalresultsfor
intersectingandparallelcracksarediscussedh section and.

EXPERIMENT AL SETUP

As mentionedhbove, therotatedstaggeredD schemgSaengeetal., 2000)is a pow-

erful tool for testingtheoriesaboutfracturedmedia.In orderto testtheseformalisms
we designsomenumericalelasticmodelswhich includea region with a well known

crackdensity The cracledregion wasfilled randomlywith rectilineardry cracks.A

typical modelcontains1000 x 1910grid pointswith aninterval of 0.0001m.In the
homogeneouregionwe setv, = 5100 m/s, vs = 2944 m/s andp, = 2700 kg/m3.

Table1 summarizeshe relevant parametersf all the modelswe usefor our experi-
ments. For thedry crackswe setv, = 0 m/s, vy = 0 m/s andp, = 0.0001 kg/m?

which approximatesacuum.To obtaineffective velocitiesin differentmodelswe ap-
ply a bodyforce planesourceat the top of the model. The planewave generatedn

this way propagateshroughthefracturedmedium.With two horizontallinesof 1000
geophonesatthetop andatthe bottom,it is possibleto measurehetime-delayof the
meanpeakamplitudeof the planewave causedy the inhomogeneousegion. With

thetime-delayonecancalculatethe effective velocity. Thedirectionof thebodyforce
andthe sourcewavelet(i.e. sourcetime function) canvary to generatdwo typesof

shear(SH- andSV-) wavesandone compressionalP-) wave. The sourcewaveletin

our experimentgs alwaysthefirst dervative of a Gaussiamwith adominantfrequeng

of 50kHz andwith a time incrementof At = 5 x 10~%s. From the modelingpoint
of view it is importantto notethatall computationsreperformedwith secondorder
spatialFD operatorandwith a secondrdertime update.
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No. | crack length number | porosity¢ number
density| of cracks | of cracks of the of model
P [0.0001m] crackregion | realizations

1x | 0.050 56 63 0.0045 1
2x | 0.100 56 126 0.0091 1
3x.1-3x.6| 0.200 56 252 0.0181 6
4x | 0.300 56 378 0.0270 1
5x.1-5x.6| 0.401 56 504 0.0360 6
6x | 0.601 56 756 0.0539 1
7x | 0.801 56 1007 0.0720 1
8p | 0.025 56 32 0.0018 1
9p | 0.050 56 64 0.0036 1
10p| 0.100 56 128 0.0073 1
11p| 0.200 56 255 0.0145 1

Tablel: Crackmodelsfor numericalcalculations.The modelswith anx attachedo
its numberhave intersectionof cracks. The modelswith a p attachedo its number
have parallelcracks(seeFigure3). Notethat0.0001mis the sizeof grid spacingand
thesizeof the crackregionis always1000*1000grid points.

INTERSECTING CRACKS

Intersecting Cracks
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Figurel: Randomlydistributedandrandomlyorientedrectilinearintersectinghin dry
cracksin homogeneou2D-media.A partof Model 3x.1is showvn.

In this sectionwe considerandomlydistributedandrandomlyorientedrectilinear
intersectingthin dry cracksin 2D-media(seeFigure1). Our goalis to comparethe
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numericalresultsof the presenstudywith the predictedeffective velocitiesof a new
critical crack density (CCD) formalism (Saenger2000). The CCD formulationis
valid for 2D (i.e. 3D trans\erselyisotropic)fracturingconfigurationgvith intersecting
cracks. We introducean additionalfactor into resultsof a modified self-consistent
theory(describecke.g.in (Davis andKnopoff, 1995))to includethe physicalbehaior
atthecritical crackdensity(similar to thecritical porositydescribedn (Muker;ji etal.,
1995)).We proposehe following formulaefor the effective elasticmoduli:

o \1/2
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1/2
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wherey, isthesheamodulus,E, is the Young's modulusy, is the Poissorsratio
of the unfracturedmedium,p is the crackdensity(asin (Kachan, 1992)), . is the
critical crack density(canbe foundin (Robinson,1983)for our models),2l;, is the
rectilinearlengthof a crackand A is therepresentate area.
Now, we discusghe numericalresultson effective wave velocities. They aredepicted
with dotsin Figure2. For comparisonthe predictionsof the CCD formulationde-
scribedabove areshavn in thesameFigurewith lines. We shav thenormalizedeffec-
tive velocitiesfor threetypesof waves. Therelative decreasef the effective velocity
for onegivencrackdensityis in the following successionFor SH-waveswe obtain
thesmallesidecreaséollowedby SV-waves. For P-wavesit is largest.For eachwave
typewe performnumericalFD-calculationsvith differentcrackdensitiedo obtainthe
effective velocity. For thesemeasurementdepictedin Figure 2 we usethe models
No. 1x,2x,3x.1-3x.6,4x,5x.1-5%.6,6X, {seeTablel).
A final resultis thatour numericalsimulationsof P-, S\V- andSH-wave velocitiesare
in excellentagreementvith the predictionsof the CCD formulation.
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Figure2: Normalizedeffective velocity versuscrackdensity Dots: Numericalresults
of this study Lines: Theoreticalpredictionsof the CCD-formulations.The error bar
denoteghe standardleviation for differentmodelrealizations.
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PARALLEL CRACKS
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Figure3: Randomlydistributedrectilinearparallelnon-intersectinghin dry cracksin
homogeneougD-media.A partof Model 11pis shaovn.

This sectionconsidersrandomly distributed rectilinear parallel non-intersecting
thin dry cracksin 2D-media(seeFigure3). The paperof Kachane (1992)discusses
threedifferenttheoreticaldescriptionof effective velocitiesin sucha case.Namely
they arethe“theory for non-interactingracks(NIC)”, the “modified (or differential)
self-consistentheory (MSC)” anda extensionof the modified self-consistentheory
(EMSC)by SayeraandKachane (1991).In orderto giveanovervienv we presenhere
theeffective Young'smodulus< E > for thethreetheories:

1

< Enic >= Ey

1+ 2mp’
< EMSC >= Eo 6727rp,
1
< Epyse >=Fp —
EMSC O X ompx e

wherekE is theYoung's modulusof theunfracturednediumandp is thecrackdensity
Theeffective velocitiesof SV- andP-wavespredictedy thisthreetheoriedor parallel
cracksareplottedin Figure4 usinglines. Our numericalkesultsfor parallelcrackscan
be seenin the sameFigure usingdots. Details of the modelsNo. 8p-11pusedfor
the experimentsaredisplayedin Table1l. We show the calculationgor two typesof
waves. The relative decreas®f the effective velocity for one given crackdensityis
in the following order: For S\V-waveswe obtainthe smallestdecreasdollowedby P-
waves. The mainresultof the investigationsn this sectionis the fact, thatthe three
theoriesfor parallelcrackscanonly be appliedsuccessfullyto a dilute crackdensity
For large crackdensitiedurtherresearchs necessary
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Figure4: Normalizedeffective velocity for parallelcracksversuscrackdensity Dots:
Numericalresults Lines: Differenttheoreticalpredictions.

CONCLUSIONS

We presenta new numericaltool to calculateeffective velocitiesin fracturedmedia.
Finite-differencemodelingof the elastodynamievave equationis very fastandaccu-
rate. In contrastto a standardstaggeredyrid, high-contrasinclusionsdo not cause
instability difficulties for our rotatedstaggeredyrid. Thus, our numericalmodeling
of elasticpropertiesof dry rock skeletonscanbe consideredasan efficient andwell
controlledcomputerexperiment.

We proposea heuristicapproackcalledthe critical crackdensity(CCD) formulation.
This formulationintroducesthe critical crackdensityinto the modified (differential)
self consistenimediatheory The CCD formulation predictseffective velocitiesfor
SV-, SH- and P- wavesin fractured2D-mediawith intersectingrectilinearthin dry
cracks.Thenumericalresultssupportpredictionsof this new formulation.

Moreover, we show that differenttheoriesfor effective velocitiesfor parallelcracks
canonly beappliedsuccessfullyto adilute crackdensity
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