
WaveInversionTechnology, ReportNo. 4, pages183-191

Effectivevelocitiesin fractur edmedia: Intersecting and
parallel cracks

E.H.Saenger andS.A.Shapiro1

keywords: finitedifferences,effectivevelocities,fracturedmedia

ABSTRACT

Thispaperis concernedwith a numericalstudyof effectivevelocitiesin two typesof
fracturedmedia.We apply theso-calledrotatedstaggeredfinite differencegrid tech-
nique. Using this modifiedgrid it is possibleto simulatethe propagation of elastic
wavesin a 2D or 3D mediumcontainingcracks,poresor freesurfaceswithouthard-
codedboundaryconditions. Therefore it allows an efficient and precisenumerical
studyof effectivevelocitiesin fracturedstructures.Wemodelthepropagationof plane
wavesthrougha setof different randomlycrackedmedia. In thesenumericalexper-
imentswe vary the crack density. The syntheticresultsare compared with several
theoriesthat predicttheeffectiveP- andS-wavevelocitiesin fracturedmaterials.For
randomlydistributedandrandomlyorientedrectilinearintersectingthindrycracksthe
numericalsimulationsof velocitiesof P-,SV- andSH-wavesarein excellentagreement
with theresultsof a new critical crack density(CCD) formulation.On theotherhand
for randomlydistributedrectilinear parallel thin dry cracks threedifferent classical
theoriesarecomparedwith our numericalresults.

INTRODUCTION

The problemof effective elasticpropertiesof fracturedsolids is of considerablein-
terestfor geophysics,for materialscience,andfor solid mechanics.In this paperwe
considertheproblemof a fracturedmediumin two dimensions.With this work some
broadgeneralizationscan be elucidatedthat will help solving problemswith more
complicatedgeometries.
Strongscatteringcausedby many dry crackscanbe treatedonly by numericaltech-
niquesbecauseananalyticalsolutionof thewave equationis not available.So-called
boundaryintegral methodsarewell suitedto handlesuchdiscretescatterersin a ho-
mogeneousembedding.They allow thestudyof SV-waves(Davis andKnopoff, 1995;
Murai et al., 1995),SH-waves(DahmandBecker, 1998)andP-waves(Kelneret al.,
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1999)in multiple fracturedmedia,but they arerestrictedto non-intersectingcracks.
Finite difference(FD) methodsdiscretizethewave equationon a grid. They replace
spatialderivativesby FD operatorsusingneighboringpoints. The wave field is also
discretizedin time,andthewavefield for thenext timestepis generallycalculatedby
usinga Taylorexpansion.SincetheFD approachis basedon thewaveequationwith-
out physicalapproximations,themethodaccountsnot only for directwaves,primary
reflectedwaves,andmultiply reflectedwaves,but alsofor surfacewaves,headwaves,
convertedreflectedwaves,andwavesobservedin ray-theoreticalshadow zones(Kelly
etal.,1976).Additionally, it automaticallyaccountsfor theproperrelativeamplitudes.
Consequently, FD solutionsof thewave equationarewidely usedto studyscattering
of wavesby heterogeneities(e.g. (Saengeret al., 2000;SaengerandShapiro,2000;
Frankel andClayton,1986;Kneib andKerner,1993;Andrews andBen-Zion,1997;
Kusnandietal., 2000)).
In this paperwe presenta numericalstudyof effectivevelocitiesof two typesof frac-
tured2D-media.We modelthepropagationof planewavesthroughwell definedfrac-
turedregions.Thenumericalsetupis describedin section. Our numericalresultsfor
intersectingandparallelcracksarediscussedin section and.

EXPERIMENT AL SETUP

As mentionedabove,therotatedstaggeredFD scheme(Saengeretal.,2000)is apow-
erful tool for testingtheoriesaboutfracturedmedia.In orderto testtheseformalisms
we designsomenumericalelasticmodelswhich includea region with a well known
crackdensity. Thecrackedregion wasfilled randomlywith rectilineardry cracks.A
typical modelcontains1000 d 1910grid pointswith an interval of 0.0001m.In the
homogeneousregion we set egfhU�iZj�WTWlknm	o , e�pqU�[Tr�s	stknm	o and u	vwU�[	xTWTWzy|{}m�k�~ .
Table1 summarizesthe relevantparametersof all themodelswe usefor our experi-
ments.For thedry crackswe set e�f�U�W�knm	o , e�p�U�W�knmTo and u	vhU�W}��W	W	W}jly|{}m�k�~
whichapproximatesvacuum.To obtaineffectivevelocitiesin differentmodelsweap-
ply a body forceplanesourceat the top of the model. Theplanewave generatedin
this way propagatesthroughthefracturedmedium.With two horizontallinesof 1000
geophonesat thetop andat thebottom,it is possibleto measurethetime-delayof the
meanpeakamplitudeof the planewave causedby the inhomogeneousregion. With
thetime-delayonecancalculatetheeffectivevelocity. Thedirectionof thebodyforce
andthe sourcewavelet (i.e. sourcetime function)canvary to generatetwo typesof
shear(SH- andSV-) wavesandonecompressional(P-) wave. Thesourcewavelet in
ourexperimentsis alwaysthefirst derivativeof aGaussianwith adominantfrequency
of 50kHz andwith a time incrementof �l��U�il�tj�W��|��o . From the modelingpoint
of view it is importantto notethatall computationsareperformedwith secondorder
spatialFD operatorsandwith asecondordertime update.



185

No. crack length number porosity � number
density of cracks of cracks of the of model� [0.0001m] crackregion realizations

1x 0.050 56 63 0.0045 1
2x 0.100 56 126 0.0091 1

3x.1-3x.6 0.200 56 252 0.0181 6
4x 0.300 56 378 0.0270 1

5x.1-5x.6 0.401 56 504 0.0360 6
6x 0.601 56 756 0.0539 1
7x 0.801 56 1007 0.0720 1
8p 0.025 56 32 0.0018 1
9p 0.050 56 64 0.0036 1

10p 0.100 56 128 0.0073 1
11p 0.200 56 255 0.0145 1

Table1: Crackmodelsfor numericalcalculations.Themodelswith anx attachedto
its numberhave intersectionof cracks. The modelswith a p attachedto its number
have parallelcracks(seeFigure3). Notethat0.0001mis thesizeof grid spacingand
thesizeof thecrackregion is always1000*1000grid points.

INTERSECTING CRACKS

0
0.01

0.02
0.03

0.04
w

idth [m
]

0 0.01 0.02 0.03 0.04
depth [m]

Intersecting Cracks

Figure1: Randomlydistributedandrandomlyorientedrectilinearintersectingthin dry
cracksin homogeneous2D-media.A partof Model3x.1is shown.

In thissectionweconsiderrandomlydistributedandrandomlyorientedrectilinear
intersectingthin dry cracksin 2D-media(seeFigure1). Our goal is to comparethe
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numericalresultsof thepresentstudywith thepredictedeffective velocitiesof a new
critical crack density(CCD) formalism (Saenger,2000). The CCD formulation is
valid for 2D (i.e. 3D transverselyisotropic)fracturingconfigurationswith intersecting
cracks. We introducean additionalfactor into resultsof a modifiedself-consistent
theory(describede.g. in (Davis andKnopoff, 1995))to includethephysicalbehavior
at thecritical crackdensity(similar to thecritical porositydescribedin (Mukerji etal.,
1995)).We proposethefollowing formulaefor theeffectiveelasticmoduli:

��������� ^�U ����� ������� �¢¡¤£¦¥�§©¨§ ¨¤ª § «­¬¯®¦°²±�´³µ����� ^�U ³µ��� �����¶¥ § ¨§©¨ ª § «­¬¯®¦° ±�´·������ ^�U ·���� ����� ¥ §©¨§ ¨¤ª § « ¬¯®¦° ±

with: utU j¸ ¹º»­¼N½	¾ ¡»
±

where��� is theshearmodulus,³¿� is theYoung'smodulus,·�� is thePoisson'sratio
of theunfracturedmedium, u is thecrackdensity(asin (Kachanov, 1992)), u�À is the
critical crackdensity(canbe found in (Robinson,1983) for our models), [ ¾ » is the
rectilinearlengthof acrackand

¸
is therepresentativearea.

Now, we discussthenumericalresultsoneffectivewavevelocities.They aredepicted
with dots in Figure2. For comparison,the predictionsof the CCD formulationde-
scribedaboveareshown in thesameFigurewith lines.Weshow thenormalizedeffec-
tivevelocitiesfor threetypesof waves.Therelative decreaseof theeffectivevelocity
for onegivencrackdensityis in the following succession:For SH-waveswe obtain
thesmallestdecreasefollowedby SV-waves.For P-wavesit is largest.For eachwave
typeweperformnumericalFD-calculationswith differentcrackdensitiesto obtainthe
effective velocity. For thesemeasurementsdepictedin Figure2 we usethe models
No. 1x,2x,3x.1-3x.6,4x,5x.1-5x.6,6x,7x(seeTable1).
A final resultis thatour numericalsimulationsof P-, SV- andSH-wave velocitiesare
in excellentagreementwith thepredictionsof theCCDformulation.
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Figure2: Normalizedeffectivevelocityversuscrackdensity. Dots: Numericalresults
of this study, Lines: Theoreticalpredictionsof theCCD-formulations.Theerrorbar
denotesthestandarddeviation for differentmodelrealizations.
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PARALLEL CRACKS
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Figure3: Randomlydistributedrectilinearparallelnon-intersectingthin dry cracksin
homogeneous2D-media.A partof Model11pis shown.

This sectionconsidersrandomlydistributed rectilinearparallel non-intersecting
thin dry cracksin 2D-media(seeFigure3). Thepaperof Kachanov (1992)discusses
threedifferenttheoreticaldescriptionsof effective velocitiesin sucha case.Namely,
they arethe“theory for non-interactingcracks(NIC)”, the“modified (or differential)
self-consistenttheory(MSC)” anda extensionof the modifiedself-consistenttheory
(EMSC)by SayersandKachanov (1991).In orderto giveanoverview wepresenthere
theeffectiveYoung'smodulus�Á³ ^ for thethreetheories:

�Á³µÂÄÃ�� ^�U ³µ� jjÆÅÇ[�È�u
±

�´³µÉwÊ�� ^�U ³¿�Ë� �|¡¢�²� ±�Á³¿ÌÍÉwÊ�� ^�U ³¿� jjÎÅÇ[�È�uw� � ���
±

where³¿� is theYoung'smodulusof theunfracturedmediumandu is thecrackdensity.
Theeffectivevelocitiesof SV- andP-wavespredictedby thisthreetheoriesfor parallel
cracksareplottedin Figure4 usinglines.Ournumericalresultsfor parallelcrackscan
be seenin the sameFigureusingdots. Detailsof the modelsNo. 8p-11pusedfor
theexperimentsaredisplayedin Table1. We show thecalculationsfor two typesof
waves. The relative decreaseof the effective velocity for onegivencrackdensityis
in thefollowing order:For SV-waveswe obtainthesmallestdecreasefollowedby P-
waves. Themain resultof the investigationsin this sectionis the fact, that the three
theoriesfor parallelcrackscanonly beappliedsuccessfullyto a dilute crackdensity.
For largecrackdensitiesfurtherresearchis necessary.



189

0.05 0.1 0.15 0.2 0.25
Crack density ρ

0.6

0.7

0.8

0.9

1
V

ef
f

/V

non− interacting cracks
mod. self− consistent
Sayers& K.− technique
numerical results

top: SV− waves

bottom: P− waves

Figure4: Normalizedeffectivevelocity for parallelcracksversuscrackdensity. Dots:
Numericalresults,Lines:Differenttheoreticalpredictions.

CONCLUSIONS

We presenta new numericaltool to calculateeffective velocitiesin fracturedmedia.
Finite-differencemodelingof theelastodynamicwave equationis very fastandaccu-
rate. In contrastto a standardstaggeredgrid, high-contrastinclusionsdo not cause
instability difficulties for our rotatedstaggeredgrid. Thus,our numericalmodeling
of elasticpropertiesof dry rock skeletonscanbeconsideredasan efficient andwell
controlledcomputerexperiment.
We proposea heuristicapproachcalledthecritical crackdensity(CCD) formulation.
This formulationintroducesthe critical crackdensityinto the modified(differential)
self consistentmediatheory. The CCD formulationpredictseffective velocitiesfor
SV-, SH- andP- waves in fractured2D-mediawith intersectingrectilinearthin dry
cracks.Thenumericalresultssupportpredictionsof thisnew formulation.
Moreover, we show that differenttheoriesfor effective velocitiesfor parallelcracks
canonly beappliedsuccessfullyto adilutecrackdensity.

REFERENCES

Andrews, D. J., andBen-Zion,Y., 1997,Wrinkle-like slip pulseon a fault between
differentmaterials:Journalof GeophysicalResearch,102,No. B1, 553–571.

Dahm,T., andBecker, T., 1998,On the elasticandviscouspropertiesof mediacon-
tainingstronglyinteractingin-planecracks:PureAppl. Geophys.,151, 1–16.



190

Davis, P. M., andKnopoff, L., 1995,Theelasticmodulusof mediacontainingstrongly
interactingantiplanecracks:J.Geophys.Res.,100, 18.253–18.258.

Frankel, A., andClayton,R. W., 1986,Finite differencesimulationsof seismicscat-
tering: Implicationsfor thepropagationof short-periodseismicwavesin thecrust
andmodelsof crustalheterogeneity:Journalof GeophysicalResearch,91,No. B6,
6465–6489.

Kachanov, M., 1992, The elasticmodulusof mediacontainingstrongly interacting
antiplanecracks:Appl. Mech.Rev., 45(8), 304–335.

Kelly, K. R.,Ward,R.W., Treitel,S.,andAlford, R.M., 1976,Syntheticseismograms:
A finite-differenceapproach:Geophysics,41, 2–27.

Kelner, S.,Bouchon,M., andCoutant,O., 1999,Numericalsimulationof thepropa-
gationof p wavesin fracturedmedia:Geophys.J. Int., 137, 197–206.

Kneib,G., andKerner, C., 1993,Accurateandefficient seismicmodellingin random
media:Geophysics,58, 576–588.

Kusnandi,vanBaren,G.,Mulder, W., Herman,G.,andvanAntwerpen,V., 2000,Sub-
grid finite-differencemodelingof wavepropagationanddiffusionin crackedmedia:
, 70thAnnualInternat.Mtg., Soc.Expl. Geophys.,ExpandedAbstracts,STP1.2.

Mukerji, T., Berryman,J., Mavko, G., and Berge, P., 1995, Differential effective
mediummodelingof rock elasticmoduli with critical porosityconstraints:Geo-
physicalResearchLetters,22(5), 555–558.

Murai, Y., Kawahara,J., andYamashita,T., 1995,Multiple scaterringof shwavesin
2-delasticmediawith distributedcracks:Geophys.J. Int., 122, 925–937.

Robinson,P. C., 1983, Connectivity of fracturesystems- a percolationtheory ap-
proach:J.Phys.A: Math.Gen.,16, 605–614.

Saenger, E.H., andShapiro,S.A., 2000,Calculationof effectivevelocitiesin fractured
mediausing the rotatedstaggeredgrid: , EuropeanAssociationOf Geophysical
Exploration,62stMtg. Eur. Assoc.Expl Geophys.,ExtendedAbstracts,Session:D–
34.

Saenger, E.H., Gold,N., andShapiro,S.A., 2000,Modelingthepropagationof elastic
wavesusingamodifiedfinite-differencegrid: WaveMotion, 31(1), 77–92.

Saenger, E. H., 2000,Wave propagationin fracturedmedia:Theoryandapplications
of therotatedstaggeredgrid: Ph.D.thesis,KarlsruheUniversity.

Sayers,C.,andKachanov, M., 1991,Single-scatteringapproximationsfor coefficients
in biot'sequationsof poroelasticity:Int. J.Solids& Struct.,7(6), 671–680.


