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ABSTRACT

We constructthecomplex, ensembleaveragedwavenumberof an initially planewave
propagatingin 2-D and3-D weaklyheterogeneousrandommedia.Thevalidity range
of this complex wavenumberhaspractically no restrictionsin the frequencydomain.
Its real part is relatedto the phasevelocitydispersion, whereasits imaginary part
denotesscatteringattenuation. Theselogarithmic wavefieldattributes,obtainedby
combinationof theRytov approximationandthecausalityprinciple, areself-averaged
quantitiesandallow to describeanytypical, singlerealizationof thewavefield.Typ-
ical wavefieldrealizationsor seismogramsare thosethat are nearly identical to the
mostprobablerealization.Weverifytheanalyticalresultswith helpof finite-difference
simulationsin 2-D elasticrandommedia.A statisticalanalysisof thesimulatedwave-
field showshow typical realizationsof seismogramscan be identified. Themethod
agreeswell with numericalresults.

INTRODUCTION

In seismicsand rock physics the measuredseismogramsusually consist of the
so-calledprimary wavefield followed by the coda. The primary wavefield is the
wavefield in thevicinity of thefirst arrivals. Performinganaverageover all possible
realizationsof disorderoneobtainsthe so-calledcoherentwave (for a recentreview
seeTourin et al., 2000). The codais the long complex tail of the seismogramsand
containsmultiplescatteringcontributions(SatoandFehler, 1998).

Within the weak wavefield fluctuationregime thereexist several approachesto
quantifyscatteringattenuation.They includethemeanfieldtheorybasedon theBorn
approximationyieldinganestimatorof thecoherentwavefield(Keller, 1964).Thatthe
meanfieldtheoryis notadequateto describescatteringattenuationis well-known (Wu,
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1982). Thereis also the so-calledtraveltime-correctedmeanfieldformalism which
is successfullyapplied to interpret attenuationmeasurementsin seismology(Sato
andFehler, 1998). The traveltime-correctedmeanfieldformalismhowever is based
on heuristicassumptions.Strongerwavefield fluctuationsvisible througha longer
and more complex coda indicate that the processof multiple scatteringbecomes
important. Then the radiative transfertheory and the diffusion approximationare
adequateconceptsto describeaveragedwavefields. In additionnumerousnumerical
studies characterizedthe scattering attenuationin heterogenousstructures(e.g.
Frankel andClayton,1986).

Several pulse propagationtheoriesfor randommedia alreadyappearedin the
literature. Wenzel(1975)describesthe propagationof coherenttransientswith per-
turbationtheory. Beltzer(1989)investigatedthe pulsepropagationin heterogeneous
mediabasedon the causalityprinciple. The above mentionedwavefield approxima-
tionsdescribethewavefieldfor anensembleof medium'srealizations.This is because
ensembleaveragedwavefield attributesareused. However, in geophysicsonly one
realizationof theheterogenousmediumexists.Thentheensembleaveragedwavefield
attribute doesonly representthe measuredone provided that it is a self-averaged
wavefield attribute (Gredeskuland Freilikher, 1990). That is to say it becomes
averagedwhile propagatinginsidetherandommedium.

A pulsepropagationtheoryvalid for singlerealizationsof 2-D and3-D random
mediais not available. In thecaseof 1-D randommediasucha wavefielddescription
is known as the generalizedO'Doherty-Anstey (ODA) formalism (Shapiro and
Hubral, 1999). It is a suitablewavefield descriptionof the primary wavefield, i.e.,
the wavefield in the vicinity of the first arrival. There are also recentefforts to
generalizethe ODA theory for so-calledlocally layered media, i.e., media with
layeredmicrostructurebut a 3-D heterogeneousmacroscopicbackground(Solnaand
Papanicolaou,2000).

Thepurposeof thisstudyis to presentamethodthatallowsto describepulseprop-
agationin singlerealizationsof 2-D and3-D randommedia.It is basedon ensemble-
averaged,logarithmicwavefieldattributesderived in theRytov approximationwhich
is only valid in the weakwavefield fluctuationregime. Müller and Shapiro(2000)
numericallyshowedthepartialself-averagingof logarithmicwavefieldattributesand
constructedthe medium's Greenfunction for an incidentplanewave. Here,we fol-
low thesamestrategy, howeverusinglogarithmicwavefieldattributesthatadditionally
fulfill theKramers-Kronigrelationsandarevalid in averybroadfrequency range.
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THEORY

Rytov transformation and the generalizedO'Doherty-Anstey theory

Thebasicmathematicalmodelfor scalarwavepropagationin heterogeneousmediais
thewave equationwith randomcoefficients. In the following, we look for a solution
of theacousticwaveequationâ������?���)��¬ � Ò �j�)� Ö Òh�����?���0�Ö � Ò �uÎ (1)

with ���j�$�.�=� asa scalarwavefield (in the following simply denotedby � ). Herewe
definedthesquaredslownessas� Ò �j�)��� Ì¥ Òä ��ÌA�¹�����j�)�=� � (2)

where ¥ ä denotesthepropagationvelocity in a homogeneousreferencemedium.The
function �����)� is a realizationof a stationarystatisticallyisotropicrandomfield with
zeroaverage,i.e., ���W�j�)���¶� Î and is characterizedby a spatialcorrelationfunction� ��ë��P�~���W�j� Ç �!�W�j� Ò ��� that only dependson the differencecoordinateë � ó � Ç ¬�� Ò ó .
Later we make use the exponentialcorrelationfunction

� ��ë��Ï� �'Òk åjæÄçè��¬�ó ë�ó]�)êÄ� ,where� Òk �«ê denotethevarianceof thefluctuationsandcorrelationlength,respectively.

We considernow a time-harmonicplanewave propagatingin a 2-D and3-D ran-
dommediumanddescribethewavefield insidethe randommediumwith helpof the
Rytov transformation,usingthecomplex exponent  �S¡ü�ÁºN® , wheretherealpart ¡
representsthefluctuationsof thelogarithmof theamplitudeandtheimaginarypart ®
representsphasefluctuations.Omitting thetimedependenceåjæÄçè�F¬´º�ét�=� , wewrite����é����� � ��ä�� é���)��åjæÄç¦��¡A��é���)�'�¯º7®_� é���)�.�°� (3)

where ��ä � ¢lä�åjæÄçè��º7® äj� is the wavefield in the homogeneousreferencemedium
( �W�j�)� � Î ) with the amplitude ¢´ä and the unwrappedphase® ä . To be more spe-
cific, we assumethat the initially planewave propagatesvertically alongthe z-axis.
Equation(7) canthenbewritten����é�Æ�á�S£ ����¤°�K��ì × } � í@¥ ¦@¥ § ¨@"#¦ � (4)

wherewe introducedthecomplex wavenumberÀ¯� é�h£ ����¤'� � £ ®_� é�h£ ����¤'�£ � ®�ä���é��£A�£ ± ¬ º ¡A��é�h£ ����¤¦�£ (5)� © � é�h£ ����¤'�¦�Áº { � é�h£ ����¤'�°� (6)
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with © and { denotingthe phaseincrementandattenuationcoefficient, respectively.£ is thetravel-distanceand ��¤ denotethetransversecoordinatesrelative to thez-axis.

For 1-D randommedia,Shapiro& Hubral (1999)approximatedthe transmitted
wavefieldwith helpof a second-orderRytov approximation.An essentialpropertyof
their wavefielddescriptionis its propertyto describethewavefieldin a singlerealiza-
tion of the randommedium. That is to say, it is an approximationof non-averaged
wavefields.This is possibledueto theuseof self-averagedwavefieldattributes.The
latterarequantitiesthatassumetheir ensembleaveragedvalueswhenpropagatingin
asinglerealizationof therandommedium.Shapiro& Hubralindeedshowedtheself-
averagingof thephaseincrementandtheattenuationcoefficient. Thisstrategy leadsto
thegeneralizedO'Doherty-Anstey theory. Now we adoptthis strategy for thecaseof
2-D and3-D randommedia.By analogywith thegeneralizedODA formalismin the
1-D case,weusethewavefieldapproximationin 2-D and3-D:�_� é�h£ ����¤°�ª_nì �#«�¬P#® × «�¯P "°¦ È (7)

Notethatequation(7) is expectedto describethe(primary)wavefieldin singlerealiza-
tionsof randommedia,sinceits lefthandsideis not subjectedto statisticalaveraging.
The righthandsidecontainshowever the ensembleaveragedwavefieldattributes �'©>�
and � { � . To keepequation(7) physicallytrue,we requireself-averagingof thequan-
tities { and © . In thefollowing we considertheapproximationsandpropertiesof the
logarithmicwavefieldattributes �j¡>� and �N®^� . Theself-averagingof { and © we show
in section(2.3).

Approximations for the logarithmic wavefieldattrib utes

We derive now tractableapproximationsfor the wavefield attributes �j¡>� and �N®±� in
the weakwavefield fluctuationregime. To do so we notethat the wavefield canbe
separatedinto a coherentandfluctuating(incoherent)part: �·�²���^�����^y where ���^�
denotestheensembleaveragedwavefield. A measureof thewavefieldfluctuationsis
theratio ³ �µ´´´´´

�¶y���^� ´´´´´ È (8)

Thisgives � ³ Ò �t�¸·�¹·�º ¬ Ì , whereÂjî!�»�?ó ��ó Ò � is thetotal intensity. Âgî is aconstant(which
is set to unity) if we ignore backscattering. Â u � ó°���^�0ó Ò is the coherentintensity.
The rangeof weakfluctuationis definedby � ³ ÒY�]Z Ì andmeansthat the coherent
intensityis of theorderof thetotal intensity. As shown in Shapiroet al. (1996),these
assumptionsleadto ��¡�� � ¬�� Ò¼/¼ �¾½ü� ³ Õ � � (9)�N®^� � ® u ¬¯® äK¬�� Ò¼	¿ ��½Ë� ³ Õ � È (10)
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Theseareusefulrelationssinceall quantitieson therighthandsidecanbeobtainedin
the Rytov- andBourretapproximation.Explicit expressionsfor �'Ò¼�¼ ���°Ò¼�¿ �Æ® u in 2-D
and3-D mediacanbefoundin Shapiroetal. (1996)andShapiro& Kneib (1993).

It is thepurposeof thissectionto constructlogarithmicwavefieldattributeswhich
satisfytheKramers-Kronigrelationship.Thatmeanstheprimarywavefieldin random
mediaobeys thecausalityprinciple.For acomprehensivereview of this topicwerefer
to Beltzer(1989).TheKramers-Kronigequationsallow to reconstructtheattenuation
fromthedispersionbehavior andviceversasincebothquantitiesarerelatedbyapairof
Hilbert transforms.To thisendit is sufficient to derivea Kramers-Kronigrelationship
for the complex wavenumberÀ¯� é � of the planewave response.For our purposeit
is expedientto usetheformulationof theKramers-Kronigrelationshipof Weaver and
Pao(1981): © ��éªÀ � � � éªÀ0� ��é À� czÁä { � é ��¬ { � é À �é Ò ¬òé À Ò R(éÃ��© �ªÎ%� (11)

{ ��é À � � ¬ ��é À Ò� c Áä Ø © � é �é ¬ © ��é À �é À Ü R(éé Ò ¬ é À Ò � { �ªÎ��°� (12)

where
� �rÂ+Ã8ÄøíNÅ Á { ��é �=��é .

In thefollowingwederivethescatteringattenuationcoefficient { by applyingequation
(12) to the phaseincrement.Let's begin with the Rytov part of the phaseincrement
which is in 3-D randommediagiven by equation(10) in Müller & Shapiro(2000).
Insertingthatinto equation(12)wegetafterintegration

{ d ��é À � � � Ò¼�¼£ È (13)

Thus the Rytov partsof equations(9) and (10) are relatedby the Kramers-Kronig
relationship. Now the questionsarises,what doeshappenwith the Bourretpart of
equation(10), namely ® u , whensubjectedto theKramers-Kronigrelation?We show
that this resultsin anadditionalterm {=Æ . To do so,we notethat thephaseincrement
resultingfrom theBourretapproximationcanbewritten© u � éªÀ�� � é À¥ ä � é À Ò¥ Òä c Áä R%ëBÇ�Ã+È!� ��éªÀ;� ¥ ä«ë(� � ��ë��°È (14)

Insertingequation(14) into equation(12)andperformingtheintegrationsweobtain

{=Æ ��é À � � � é À Ò¥ Òä c Áä � �{ë(�ÉÇ�Ã8È Ò ��é À � ¥ ë��!R$ë´¬ é À Ò¥ Òä c Áä � ��ë��!R$ëKÈ (15)

Usingtherelationbetweencorrelationfunctionandfluctuationspectrum(seee.g.Ry-
tov etal.,1987),equation(15)becomes

{�Æ � é �ý� ¬ �P� Ò é Ò¥ Òä c ÁÒ í I u O RËÊÍÌß�ÎÊ���ÊÙÈ (16)
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To summarize,we derived two pairs of wavefield attributes, ÏP� Ò¼�¼ ��¬�� Ò¼	¿�Ð andÏ {=Æ £ �?® u ¬¿® ä Ð , eachof them relatedby (12). Therefore,the causalityprinciple
suggeststo usethe following logarithmicwavefield attributesin 2-D aswell as3-D
randommedia. ��¡�� � ¬L� { d � {=Æ �n£·�¿¬W� Ò¼�¼ ¬ {=Æ £ � (17)�N®±� � ® u ¬¯®�äA¬Ñ� Ò¼	¿ È (18)

Notethatweusedin equations(13)-(16)the3-Dwavefieldattributesandthatequations
(17) and(18) arealsovalid for 2-D randommediaif we skip Ê in theintegralover RËÊ
anddivideby � .

Self-averagingof the logarithmic wavefieldattrib utes

A self-averagedquantity tendsto its mathematicalexpectationvalue provided that
thewave hascovereda sufficient largedistanceinsidethemedium.For 2-D and3-D
randommedia,we show that theattenuationcoefficient { andthephaseincrement©
in theabove discussedapproximationstendto their expectationvaluesfor increasing
travel-distances.In analogyto the 1-D case,we computethe relative standarddevi-
ationsof the attenuationcoefficient andphaseincrement.Using syntheticwavefield
registrationsof finite-differencesimulations(seesection3.1)we computetherelative
standarddeviation of theattenuationcoefficient for several travel distances.Fig. (1)
displaysthe numericallydetermined� ¯ � { ��é�ä«� asa function of £ for 6 simulations
( é�ä is the center-frequency of the input wavelet, see also section 3.1). Instead
of consideringthe relative phaseincrementfluctuations,we computethe relative
traveltimefluctuations.This is anestimateof � ¬ ��© since���S©W��é�ä . Againweobserve
thedecreaseof therelativestandarddeviationwith increasingtravel-distance(Fig. 2).

It is clearthat within the validity rangeof the Rytov approximation(that implies
for finite travel-distances)only a partial self-averagingcan be reached. That is to
say the probability densitiesof the wavefield attributeshave not yet convergedto a2 -functionwhatwould indicatethat the quantitiesarenot any morerandom.There-
fore, it is expedientto look for the probability densityof the logarithmicwavefield
attributesandto introducetheconceptof typical realizationsof a stochasticprocess.
Typical realizationsare definedto be closeto the most probablerealizationwhich
is definedby the maximumof the probabilitydensityfunction (Lifshits et al., 1988,
andGredeskulandFreilikher, 1990). Now, the partial self-averagingmeansthat we
dealwith wavefieldrealizationsthataremostlikely to occurandthereforearetypical
realizations.

It canbe theoreticallyandexperimentallyshown that ¡ and ® arenormally dis-
tributedrandomvariables(seechapter(2.5) of Rytov et al., 1987). If ¡ is described
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by theprobabilitydensity�è��Ê��l� ÇÒ4Ó Ò'Ô ì Å � � Å@Õ "#Ö I Ò Ò Ö (where w and � arethemeanand
standarddeviation,respectively ), thenwemightexpectthattheRytov transformation
yields log-normaldistributedwavefield amplitudes.Indeed,in section(4.2) we will
numericallyconfirm the log-normalprobability densityof the wavefield amplitudes:�è��Ê�� � ÇÒ � Ó Ò'Ô ì Å ��×<Ø � Å@Õ " Ö I Ò Ò Ö . With theabove criterion,it is possibleto find thetypical
realizationsfrom numericalexperimentsby constructingtheprobabilitydensityfunc-
tionsandto comparethemwith thediscussedwavefieldattributes.Theidentification
of typicalseismogramsis explainedin section(3.2).
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Figure1: Therelative standarddeviationsof theattenuationcoefficient for a 2-D ex-
ponentiallycorrelatedrandommediumevaluated. For all investigatedratiosof Ù¶ÚNÛ
andstandarddeviationswe canobserve a decreaseof therelative standarddeviations
with increasingtravel-distances.

Acousticand elasticGreen's function for random media

Now, we show how finite-bandwidthpulsesevolve in time whenpropagatingin ran-
dommedia.In orderto constructtheGreen's functionwe have to combinetheresults
for theensemble-averagedlog-amplitudeandphasefluctuationsobtainedin equations
(17) and(18). Finally, by integrationover thewhole rangeof frequencieswe obtain
thetime-dependenttransmissionresponsedueto theinitial planewave:ÜzÝ�ÞYßhàâá|ã äå�æDç�èé èëêNì�í éËî	ï�ðÉñ°ò	ï í é@ñ�ó�ôÉõ

(19)
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That is what we call the Green's function for randommedia. It is now possibleto
describeseismicpulsesasö Ý�ÞYßhàâá~ã äå�æDçzèé è êNì�÷�ø Ý ì á í ñ8ù�ú�ï@é�ó�ô#û ß

(20)

where ÷�ø Ý ì á
is theFouriertransformof theinputsignal ö ø Ý�Þná .

In orderto obtainexplicit analyticalresultsfor theGreen's functionin thetimedo-
main(thatis to evaluatetheintegral in equation(19)),wehave to introducesomesim-
plifications.To do so,we studythebehavior of equations(17) and(18) in theFraun-
hoferapproximation.Thelatteris characterizedby a largewave parameterüþý ä so
that themeanof phasefluctuationscanbeneglected.TheFraunhoferapproximation
becomesvalid for large travel-distance

à
. From the behavior of scatteringattenua-

tion, it turnsout that for largetravel-distancesonly thelow-frequency componentsof
the transmittedpulsesurvive. Thus,with increasing

à
not only

à ÚNÛ but also
ÝÎÿ Û á é��

effectively increases.Therefore,equation(19)canbereducedto:Ü������	Ý�ÞYßhàâáFã äåPæDçzèé è êNìzí éËïNî	� 
�� í ñ8ù��ï@é�ó�ô#û ß
(21)
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Figure2: Therelative standarddeviationsof thephaseincrementfor a 2-D exponen-
tially correlatedrandommedium.
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where������� is givenby ������� ã å�æ ÿ�� ç � �ø ê ��� Ý � á õ
(22)

Evaluatingthentheintegral in (21)yieldsaGaussianpulse(in 2-D aswell asin 3-D).Ü������	Ý�ÞYßhàâáªã � � à í é��! " ù�ô[éËï$#&%('5û*)
(23)

with
� ã,+ �ø Ú Ý�- æ/.� á

and
.� ã å�æ �1032 ï4# � )ø ê ���5� Ý � á . It is interestingto notethat theä Ú76 à

dependency of thepulsein 2-D and3-D is alsoobtainedfor 1-D randommedia
(comparewith equation(7.8) in ShapiroandHubral,1999).

A wavefield descriptionin elasticmediashouldbe basedon the elastodynamic
wave equation.Gold (1997)discussedthegeneralizationsof theRytov aswell asthe
Bourretapproximationsto elasticmedia. Under the assumptionof weakwavefield
fluctuations,the propagationof elasticwaves shows the samebehavior as acoustic
waves. The Rytov approximationfor elasticP andS-wavesyields for the complex
exponent8 in 2-D and3-D randommediathefollowing equation:

8 �:9<; =:9> ; ? ã åA@ � �B �DC çFE1G Ý�H	I�á ö ø Ý�H I áö ø Ý�H�á
Ü/�:9<; =:9*Ý(H�JKH	I�á ê H	I ß

(24)

where
Ü �:9<; =:9

is theacousticGreen's function in 2-D/3-D and � ,
B

aretheP- andS-
wavenumbers,respectively. Gold et al. (2000)appliedtheBourretapproximationin
theDysonequationin orderto obtainthecoherentGreen's functionin isotropicelastic
randommedia.Fromthis considerationthecoherentphaseL % is obtainedandcanbe
usedfor equation(10).

NUMERICAL EXPERIMENTS

FD-modeling in elasticrandom media

Now let uscomparethe analyticalGreen's functionwith finite-differencesimulation
resultsfor wavepropagationin 2-D elastic(isotropic)randommediawith anexponen-
tial correlationfunctionof thevelocityfluctuations.For thenumericalcomputationof
thewavefieldwe usetheso-calledrotated-staggeredgrid finite-differenceschemefor
theelastodynamicwaveequation(Saengeretal.,2000).

We simulatea planewave propagatingfrom the top down to a certaindepth(z-
direction)in a singlerandommediumrealization.Thebackgroundmediumis charac-
terizedby a P-wave velocity of M > ãON4P$P$P

m/s,a S-wave velocity of M ? ã ä	QSR P m/s



168

anda densityof T ã å õ R gÚVUXW = . In theactualFD-modeltherandommediumis em-
beddedin a constantbackgroundmediumwith thepropertiesdefinedabove. For the
modelingwe needinsteadof velocitiesthestiffnesstensorcomponents

+ �Y� ã M �� T and+�ZYZã M �? T anddensity. For simplicity, only thestiffnesstensorcomponent
+ �Y� exhibits

exponentiallycorrelatedfluctuations.We simulatea line-sourceexhibiting only a z-
component.Thewaveletis thesecondderivativeof a Ricker-waveletwith a dominant
frequency of about75 Hz (this correspondsto a wavelengthof 40 m for theP-wave).
The wavefield is recordedby several receiver lines (whereeachline consistsof 146
receivers)whichareplacedatseveraldepthspositionssuchthatthemeanpropagation
directionof theplanewaveandthereceiver linesareperpendicular.

Pulsepropagationin random media

The herepresentedtheoryof pulsepropagationdependsvery muchon the ratio of
wavelengthandcorrelationlength Ù¶ÚNÛ . Thereforewehaveto considerthreescenarios,
namely Ù\[�Û , Ù^]�Û and Ù`_¾Û . Wechoosein all simulationsthesameinput-wavelet
( Ù ø ã,-SP

m) andvary the correlationlengths( Û � ã Ù ø Ú - ß Û � ã Ù ø ß Û = ã,- Ù ø ) The
strengthof the mediumfluctuationsdeterminesthe spatialrangeof weakwavefield
fluctuations,whereour theory is expectedto work. Reportedstandarddeviations
of the velocity in reservoir geophysicsare a G ãbN^J ä PSc . We simulatethe wave
propagationin randommediawith 8%of standarddeviation.

Eachgray 'background'in the left-sidedcolumnof Fig. (4) consistsof 50 traces
(the z-componentof the wavefield) recordedon a commontravel-distancegatherat
the correspondingdepths24, 224, 424, 624 and824 m. From the uppermostto the
lowermostseismogramsin Fig. (4) we clearly observe that the amplitudeaswell as
traveltimefluctuationsof traces– recordedat thesamedepths– increasewith increas-
ing travel-distances.This is physically reasonablesincefor larger travel-distances
therearemoreinteractions(scatteringevents)betweenwavefieldandheterogeneities
resultingin a morecomplex wavefieldandconsequentlyin morevariablewaveforms
alongthe transversedistancerelative to the main propagationdirection. Finally, the
thickerblackcurvedenotestheresultof convolving theanalyticallycomputedGreen's
functionwith theinput-waveletw(t).

Our wavefield descriptionis basedupon self-averagedquantitiesand shouldbe
able to describethe mostprobableprimary aswell asbe a goodapproximationfor
primariesin typical seismograms.That is to say, we shouldlook for the probability
densitiesand find thoseseismogramswhosewavefield attributescoincidewith the
maximaof the probability densities. To numericallydemonstratethis, we have to
computethejoint probabilitydensityfunctionof thefirst arrival amplitudesandphases
(traveltimes).Assumingstatisticalindependenceof amplitude

�
andtraveltime

Þ
fluc-
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Figure3: Thecontourplotsshow thereconstructedjoint probabilitydensitiesfor sev-
eraltravel-distances.
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tuations,we canwrite the joint probabilitydensityf as f Ý � ß�ÞYßhàâá ã f Ý � ß�à3á f Ý�ÞYßhàâá õ
A robust estimateof f Ý � ßhàâá

and f Ý�ÞYß�à3á
from the simulateddatacan be obtained

by the maximum-likelihoodmethod. The contourplots in Fig. (3) displaythe joint
probability function for the travel-distances

à ã
24, 224, 424, 624 and824 m. On

the otherhand,the diamondsin Fig. (3) denotethe amplitudeandtraveltimevalues
aspredictedby our wavefielddescription.Thefilled diamondsrefer to theaforesaid
travel-distances.We observe that for all travel-distancesthesepointscoincidewell
with themaximaof thejoint probabilitydensities.

Now, thegrey seismogramsin right-sidedcolumnsof Fig. (4) areselectedin such
a way thattheiramplitudesandtraveltimesaretypicalones(i.e.,situatedin thevicin-
ity of the mostprobableamplitudesandtraveltimesaccordingto the maximaof the
2-D probability densityfunctionsin Fig. (3)). That is what we call typical seismo-
grams.Of course,therearevariousseismogramswhichcouldbeselectedin this fash-
ion (10% of the seismogramsdisplayedon the left side). The black curves in Fig.
(4) (right columns)denotethe theoreticallypredictedwavefieldbasedon theGreen's
function. We observe angoodagreementbetweentheoryandexperimentfor thepri-
maryarrivals. Comparingleft andright plotsin Fig. (4) clearlydemonstratesthatthe
analyticalcurvesgiveestimatesof theprimarywavefieldsfor typicalsingletraces.To
summarize,with helpof astatisticalanalysisof therecordedwavefieldswecanverify
our theoreticalresults.No matterif Ùg_QÛ or Ùg[rÛ , theour methodis ableto predict
thewavefieldaroundtheprimaryarrivals.

CONCLUSIONS

We constructthecomplex, ensembleaveragedwavenumberof aninitially planewave
propagatingin 2-D and 3-D weakly heterogeneousrandommedia. Theselogarith-
mic wavefield attributes,obtainedby combinationof the Rytov approximationand
thecausalityprinciple,areself-averagedquantitiesandallow to describeany typical,
singlerealizationof thewavefield. Typical wavefieldrealizationsor seismogramsare
thosethat are nearly identical to the most probablerealization. This approachde-
scribesthewavefieldin thevicinity of theprimaryarrivals. Theanalyticalresultsare
confirmedwith helpof finite-differencesimulationsin 2-D elasticrandommedia. A
statisticalanalysisof thesimulatedwavefieldshows how typical realizationsof seis-
mogramscanbeidentified.Theproposedmethodagreeswell with numericalresults.
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