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Attenuation of Primary Multiples and Peg-legs:
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ABSTRACT

TheKBC andWHL methodsare here comparedandappliedto themultiplesuppres-
sionof peg-legsrelatedto upperlow velocitylayers (weatheringzone)andto deeper
highvelocitylayers (diabasesills).

INTRODUCTION

Thegeneralaim of thepresentreportis to presentsomeresultsof thecomparisonof
themethodsof Wiener-Hopf-Levenberg (WHL), andof Kalman-Bucy-Crump(KBC)
to resolve the problemof reconstructingthe mediumreflectivity responseby decon-
volving thesource-timeeffective functionfrom observeddata.

Thespecificaimof thepresentreportis to resumetheactivitiesdevelopedtowards
the studyof multiple suppressionrelatedto an upperlow velocity layer (weathering
zone),andof thepeg-leg relatedto thesamelow velocity layerandto a deeperhigh
velocity layer (diabasesills), and also to establishnew problems. This situationis
consideredas typically encounteredin the Amazonsedimentarybasinto whereour
attentionsareaimedat. Theamountof seismicdatais ratherlarge,andasthey deserve
more attentionother processingand interpretationproblemssolutionsare naturally
submitted. The challengeis mathematicallyrelatedto the generalrepresentationof
inverseproblems.

THE A PRIORI KNOWLEDGE

The componentsof the convolutional modelaredescribedin canonicform to be in
accordancewith an uniform discretizationestablishedin the Goupillaudsolutionof
two-wayunitarytravel-timethatusestheunilateralLaplaceZ-transform(LZT).
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A discretedescriptionof the1D convolutionalmodelfor therepresentationof seis-
mic data,� � g � , independentof thehorizontalray parameter� , is givenby:� � g � ý�� � g � ú " � g � ý þ � g ���@� � g � ú " � g � è (1)

Whereþ � g � representstheeffectivesource-pulse,� � g � is thereflectivity function, � � g �is thesignal-message,and " � g � is theeternaltemptativeto bedescribedastheadditive
signal-noisenot accountedfor in � � " � andin þ � g � .

Thesourcetimehistoryis representedby theBerlagefunction:� ��� � ý��  ��� � ��� ç 6��^���N  þ �Q¡ � � � � ú£¢ � � � (2)

where
� � ý r ¡ � å Hz and ¢ � ý r Þ rd.

We aim at to constructthe seismicreflectiontraceby the convolutional model
basedon Betti's theorem.Thephysicsof propagationis governedby theequationof
particlemotion in the 1-D acousticform: � � ø � � ù� � � ø�� � � ý � %e¤¦¥ � ø � � % � � ø�� � �q§ . The
phenomenonis of an incidentvertical planewave on a mediumformedby horizon-
tal, homogeneousandisotropiclayers. Theboundaryconditionsof displacement(or
pressure)andstresscontinuity result in definingthe reflection, �(¨ , andthe transmis-
sion,

� ¨ , coefficientsfor the interface
g

betweenthe layers
g

and
g ú�© , that results

in: �(¨ ý ��ª ¨ � ª ¨ +�- � � ��ª ¨ ú ª ¨ +�- � , � ¨ ý ¡Wª ¨ � ��ª ¨ ú ª ¨ +�- � , where �j¨ and
� ¨ arereal

numbers,
� ¨ ú �(¨ ý«© � d3�(¨¬d&R © and

Þ R � ¨7R ¡
. Thephysicalproblemnow has

beentransformedto a physicsof interfaces,andthe eventsmakingthe seismictrace
areconsideredasprimaryandsecondaryreflections(multiples).

Therelationbetweenthedescendent,4 � ü � , andtheascendent, � ü � , waves,and
betweenthe top,

g ý Þ
, andthe bottom,

g ý;® ú�© , is expressedby the matricial
propagator:¯ 4=° +�- � ü � ° +�- � ü �_± ý ü 6 °�² ù� ©³� � ° � � ©´� �(¨ 6 - � èBè è � ©´� � ù � � ©´� � - �Wµ¶° è è è µ - µ �

¯ 4 � � ü � � � ü �·± è (3)

Thereflectiontransferfunctionfor asystemof ® layersis givenby:¸ � ü � ý ¸ ° � ü � ý  � � ü �4 � � ü � ý � �A¹ ¨ � ü � �nº ¨ � ü �¹ ¨ � ü � � � � º ¨ � ü � è (4)

Thedenominator¹ ¨ � ü � � � � º ¨ � ü � hasthepropertyof beingof minimum-phase.
The numerator� �A¹ ¨ � ü � ��º ¨ � ü � is not necessarilyof minimum-phase,what makes¸ � ü � be or not to be of minimum-phase.The polynomial division is ilimited, but
numericallymadeto correspondto thenumberof layers® .

In specialconditionsfor analyseswe canadmit � � " �¼»½� � " � , or yet that � � " � ý� � " � . A total response� � " � is composedof theprimary incidentfield andof thesec-
ondaryspreadout field, andthe figuresshow how the secondaryfield cangradually
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have thesameimportanceasthatof theprimaryfield hasalongthetrace(seeFigure1
and2).

The WHL filter governingequationsis a naturalstationarymodel,andthe filter¾ ��� � is theunknown time-invariantoperatorthatis constrainedto satisfyadesiredout-
put ¿ ��� � throughthecommonlyreferredto astheWiener-Hopf integral equation.We
continuewith theequationsin theconvenientcanonicforms,with auniformdiscretiza-
tion asalreadyestablishedin the Goupillaudmodel. The criteria for the filter is the
minimizationof thevarianceerror, ç � g � ýÁÀ� � g � � ¿ � g � , between¿ � g � (desiredsignal)
and À� � g � (realoutput)in time domain:ª�� ¾ $ � ý ¥ÃÂÄ Å

¯ÇÆÈ¨#É - À� � g � � ¿ � g � ± ù�Ê ËÌ è (5)

The filter real outputis simply: À� � g � ý ¾ � g �Í�Î� � g � . Theminimizationof
ª�� ¾ $ �resultsin thegeneralWHL equation:ÆÈ¨AÉ - ¾ � g � ¢3ÏqÏ �QÐ � g � ýÑ¢�Ò�Ï �QÐ � è (6)

Thesolutiondefinesthecoefficients
¾ � g � whichdependsonwhatkind of operation

is to be intendedfor, andaccomplishedby a priori conditions. ¢:ÏqÏ � è � representsthe
theoreticalautocorrelationof the input, and ¢�Ò�Ï � è � is the theoreticalstochasticunilat-
eralcrosscorrelationbetweenthedesiredandtheobservedsignals.Thefilter quality
is herealsomeasuredby the formulaof thenormalizedminimumerrorgivenby the
summation: ªXÓ $ � ý�©´� ¤ ¢3ÏqÏ � Þ ��§ 6 - È ¨ ¢�Ò�Ï � g � ¾ � g � è (7)

TheKBC filter governingequationsin anaturalnon-stationarymodel,andthedata
window doesnotsatisfytheprinciplesunderlinedby theconvolutionintegral. For this
reason,the equationis rewritten in the form of a moving averageaccordingto the
commonlyreferredto astheWiener-Kolmolgorov problem,andit is expressedby the
matrix integralequation:¢ Ò�Ï �Ô� �#Õ � ý×Ö ��ÙØ ¾ ° �Ô� �bÚ � ¢ ÏqÏ � Ú��#Õ �,¿ Ú�� �Ô� � R Ú��#Õ R � � � À� ��� � ý�Ö ��ÙØ ¾ ° ��� �bÚ �q� � Ú �a¿ ÚÛ�(8)

where À� �Ô� � is theactualoutput,and
¾ ° �Ô� �bÚ � is thecorrespondingdesiredoptimum

time-variantoperator. Thecriterionusedis theminimizationof theresiduecovariance
expressedas: ª�� ¾ � ý ¥ÝÜQÞ À� ��� � � ¿ �Ô� �jß ùaà è (9)
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Theformulationhasfor basisexpressingtheresponseof any systemby anordinary
differentialequationof order µá�D©Æ 6 -È� É � î � �Ô� � ¿ �ãâ �Ô� �¿ � � ý�ä �Ô� � � � î - ý5© � è (10)

Thetransformationto thestatevariableø � �Ô� � and åø � �Ô� � is bysubstitutingthehigher
derivativesof

â ��� � . The resultingdynamicstateequationin the general(continuous,
time-variant)compactform are:åø ��� � ý�æ ��� � ø ��� � ú x ��� � ä �Ô� � � (system)� (11)ü ��� � ý â ��� � únç ��� � ý � ��� � ø �Ô� � úèç ��� � � (output)è (12)æ ��� � , x �Ô� � and

� ��� � are matriceswith variableelementsin
�
; ä �Ô� � is the forcing

functionthatgeneratesthestate;ü ��� � is theselectedform for theoutputgivenby the
structureof thematrix

� ��� � ; ç ��� � is theaddtivenoisepresent.

Thecontinuousform solutionis givenby thesystemof threecoupledequations:

(1) ÒJé% ê �ìëÒ � ý ñ æ ��� � �n® ��� � � ��� �?ó Àø ��� � ú_® ��� � ü ��� � , (stateestimationdifferentialequa-
tion)

(2) ® �Ô� � ý ¹ ��� � � v ��� �aí 6 - ��� � , (thegainmatrix);

(3) å¹ �Ô� � ý æ �Ô� � ¹ ��� � ú ¹ ��� � æ v �Ô� � � ¹ ��� � � v ��� �aí 6 - ��� � � v �Ô� � ¹ ��� � úx ��� � º ��� � x v �Ô� � , (theRicatti non-lineardifferentialequation).

DEVELOPMENT OF THE ALGORITHMS WHL AND KBC

TheWHL solutionin discreteform to theproblemunderanalysisis amodifiedclassi-
calpredictionoperatorfor multipleattenuation.We resumeas:

(a)Thedesiredoutput: ¿ � g � ý�� � g ú ö � , whereö is thepredictiondistance;

(b) TheWHL equationin parametricform: î ¨ ¾ � g � ¤ ¢�ïQï � g � ú Õ ù�ñð � g �q§ ýò¢�ïóï �QÐ úö � .
(c) The WHL predictionoperatorwith a rectangularwindow ô �QÐ � to selectout

the eventsto be suppressedis representedby the equationî Æ¨AÉ - ¾ � g � ¢3ÏqÏ ��Ð � g � ýô �  �  � � ¢3ÏqÏ ��Ð ú ö � .
An exampleintentionallysimpleis thecaseof multiplesnotaccountedfor in � � g � ,

representedasa delayedpulseof ö units ( ö = layer thickness/layervelocity) with a
generalizationthroughthefollowing function:

� � g � ý îöõ$ É � � $ þ � g � ö�$ � , whichresults
in anautocorrelationof theform: ¢3ÏqÏ � g �÷» ¢�øNø � g � ý î7õ$ É � î7õ2ùÉ � � $ �(2 ¢�ïóï � g � ö�$ ú ö 2�� .



267

Thefirst termof theseriesis Õ ù9 ¢�ïóï � g � , wherethevarianceÕ ù9 ý î7õ$ É � � ù$ modifiesthe
desiredsegment ¢�ïóï � g � , andthedeconvolutionaloperatorhasa factorthatscalesthe
desired� � g � . Fromthisweconcludethatfor windowing ¢�ïóï � g � it is necessarythatthe
lengthsof thesource-pulseandof thetemporalwindow for truncationandsmoothing
do not containthefirst multiple at distanceö�- . Consequently, theelongatedoperator
with ö�- deconvolvesthemultiple of period ö�- , andtheoperatorwith length ö�- ú ö ùdeconvolvesthemultiples ö�- and ö ù , andsoon. (seeFigure2 and3)

The applicationof the KBC solution in discreteform to a seismictrace, ü � g � ,consistsin a sequenceof point-to-pointoperationsorganizedin a definitesequence.
Thematrix ¹ � g � computedas:¹ + � g � ý×ú � g � g �S© � ¹ 6 � g �S© � ú v � g � g �D© � ú£º � g �D© � � (13)¹ 6 � g � ý ¹ + � g � ��® � g � � � g � ¹ + � g � � (14)

whereú � g � g �\© � is thestatetransitionmatrix. Thegainmatrix ® � g � is calculated
by: ® � g � ý ¹ + � g � � v � g � Þ � � g � ¹ + � g � � v � g � ú ¸ � g � ß 6 - è (15)

Thestatevectoris calculatedby:Àø + � g � ý«Àø 6 � g � ú£® � g � ñ ü � g � �ûÀø 6 � g � óÇü Àø + � g � ýÑú � g � g �S© � Àø 6 � g �S© � ü (16)

And the outputhasthe expression: ü + � g � ý � � g � ø + � g � . The strategy is to recover
themultiple-freesismogram.

We start identifying the variable with the non-stationarymodel. The seismic
pulseis representedby the matrix:

�1ý $ ý þ ýL�  � . The selectionof the statevector
is nonunique,andin thiscasetheis definedas:ø � g � ý ¤ � � g � � � g �D© � èBè è � � g ��þ ú�© ��§ è (17)

Thedynamicequationsof thesystemto establishtherecursive processof genera-
tion of thestatevectoris completedby thefollowing model:� � g � ý ÿÈ $ É - c#$ � g �S© ��� � g �S© � únç ù � g �S© � � (18)

ç ù � g � is theoreticallyconsideredas a white stochasticprocess. This equation
projectsthe traceforward througha weighedsumof þ previous valuesin a similar
formalismto theWHL. Thecoefficients c#$ � g � aredefinedby a chosenmodelandex-
perimentation,andin the presentcasehasbeenthe exponentialmodel. The stateis
writtenas ø � g � ý×ú � g � g �S© � ø � g �S© � ú � ç ù � g �S© � è (19)
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NUMERICAL RESULTS

We constructedtwo basicmodelsfor showing and comparingthe WHL and KBC
operatorsin multiple attenuation,whereundesirableeffectsfrom sills andfrom low
velocity upperlayersaresuppressed,andinformationfrom lower target layers(low
acousticimpedance)arebetterstressed.Thefirst modelis formedby 4 layersover a
half-space(Figure1),andthesecondmodelis formedby 250layersover a half-space
(Figure4). Thelayer thicknessvary from 1 to 20 meters.This secondmodeltries to
simulatetheestratigraphyof theAmazonsedimentarybasin.

Figures2 and3 show the resultsof the WHL andKBC operatorsfor the simple
model(4 layers)describedin Figure1. In Figure2 we observe thegoodperformance
of bothoperators(WHL andKBC) in suppressingthepeg-leg, andalsothattheWHL
shows to bea somewhatbetterthantheKBC. In Figure3 we interpretby markingthe
differenteventson theseismictraceandon its autocorrelation.It is alsomarked the
window ô � g � thatselectsout theeventto betreated.

Figures5 to 8 show the resultsof the WHL andKBC operatorsfor the complex
model(250layers)describedin Figure4. Figure5 we interpretby markingthediffer-
enteventson thesismictraceandon its autocorrelation.It is alsomarkedthewindow
that selectsthe eventsto be treated. In Figure6 we observe the goodperformance
of bothoperators(WHL andKBC) in suppressingseveralpeg-legs,andalsothat the
WHL showsto besomewhatbetterthantheKBC. Thefinal shown resultsof theWHL
and KBC were obtainedonly after two consecutive deconvolutions,wherethe first
outputservesas input for the seconddeconvolution. The resultsof eachWHL de-
convolution, andthemarkingof thewindows on theautocorrelationfor selectingthe
eventsto betreatedareshown in Figures7 and8, respectively.

CONCLUSIONS

Oneadvantagefor implementingthe WHL with respectto the KBC wasthe facility
for selectingtheevent to be treated,besidesthepossibility to includemorethanone
event in onesuppressionprocess.The KBC operatorperformsthis sameoperation
by makinguseof a direct modelobtainedfrom a well-log. The attenuationof the
multiples(afterprimariesandpeg-leg) producedby our modelof diabasesills clearly
shows that theof presencelower layersbecomemoreevident. The form of the trace
of the WHL operatorbecomesmorecomplex as the quantityof selectedeventsare
includein thetruncatingwindow. On theotherhand,theKBC operationtakescareof
oneeventat a time. Thecomparisonof theWHL andKBC techniquesshow that the
a implementationof the KBC canbe simplerthanthe WHL, on the otherhand,the
experimentsshow thattheWHL is a little moreefficient in resolutionthantheKBC.
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Figure1: Simplemodelfor operatoranalyses.(a)Geologicalsection.(b) Densitylog.
(c) Velocity log. (d) Distribution of reflectioncoefficients. (e) RMS log andAverage
velocities. (f) Reflectivity. (g) Seismictraceobtainedby convolution betweenthe
mediumimpulseresponsecalculatedby theGoupillaud(f) solutionwith aneffective
sourcepulse(Berlagefunction).

Figure2: Simplemodelfor operatoranalyses.� ��� � is the seismictrace.
â - �Ô� � is the

WHL filter output.
â ù ��� � is the KBC filter output. As a comparison,the multiple

suppressionby WHL looksbetterthantheKBC output.
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Figure3: Simplemodelfor operatoranalyses.We stresson the interpretationof the
autocorrelation. � ��� � is the seismictrace.

â ��� � is the filter output. ¢3ÏqÏ is the input
autocorrelation.¢���� is autocorrelationof theoutput. ¹ - , ¹ ù , ¹�8 and ¹ õ representthe
primaryreflectionsfrom thefirst, second,third andforth interface,respectively. ¹÷-�'.-and ¹ -�' ù are the multiples from the first interface. ¹ ù ' � -�'.- , ¹ ù ' � -�' ù , ¹Ç8b' � -�'.- , ¹�8b' � -�' ù ,¹ õ ' � -�'.- and ¹ õ ' � -�' ù , arethepeg-legsfrom thesecond,third andfourth interfaces.

Figure4: Complex modelfor operatoranalyses.(a) Geologicalsection.(b) Density
log. (c) Velocity log. (d) Distributionof reflectioncoefficients.(e)RMSlog andAver-
agevelocities.(f) Reflectivity. (g) Seismictraceobtainedby convolutionbetweenthe
mediumimpulseresponsecalculatedby theGoupillaudsolution(f) with aneffective
sourcepulse(Berlagefunction).
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Figure5: (a)Distributionof reflectioncoefficients.(b) Seismogram.¹÷- representsthe
reflectionsfrom aninterfacethatseparatestheupperlow velocitylayersfrom thelower
high velocity layers.

� - , � ù and
� 8 arethesequentialreflectionsfrom sills layers. ¹ ùrepresentthe reflectionfrom thebasementinterface. ¹÷-�'.- and ¹ -�' ù representthe first

andthesecondmultiple from ¹÷- . � -�' � -�'.- and
� -�' � -�' ù arethepeg-legsfrom thetop of

the first sill layer on the interfacethat correspondsto ¹ - . � ù ' � -�'.- and
� ù ' � -�' ù arethe

peg-legsfrom thesecondsill ontheinterfacethatcorrespondsto ¹ - . � 8b' � -�'.- and
� 8b' � -�' ùarethepeg-legsfrom thethird sill on theinterfacethatcorrespondsto ¹ - . � ù ' � -�'.- and� 8b' � -�' ù arethe peg-legs from thesecondandthird sill layeron the interfacefrom the

first sill. ¹ ù ' � -�'.- is thepeg-leg from thereflectionof thebasementto thefirst sill.
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Figure6: Complex modelfor operatoranalyses.� �Ô� � is theseismictrace.
â - ��� � is the

WHL filter output.
â ù ��� � is theKBC filter output.As a comparison,themultiple sup-

pressionby WHL givesa betterresultthantheKBC output.Theprimaryinformation
from thedeeperlayersis betterrecognized.

Figure7: � ��� � is theseismictrace.
â �Ô� � is thedeconvolvedtrace. ¢3ÏqÏ is theautocorre-

lation of the input. ¢���� is theautocorrelationof theoutput. Thevertical lineson ¢3ÏqÏrepresentthelimits of therectangularwindow for selectingtheeventstobesuppressed.
Weobservein thedeconvolvedtrace,andin its autocorrelation,thattheevents¹÷-�'.- and� -�' � - areattenuated.
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Figure8: � �Ô� � is theoutputof thepreviousdeconvolutionon theseismictraceof Fig-
ure7.

â �Ô� � is the twofold deconvolved trace. ¢3ÏqÏ is the input autocorrelation.¢���� is
theautocorrelationof theoutput. Thevertical lineson ¢:ÏqÏ representthe limits of the
rectangularwindow used.We observe in thedeconvolvedtrace,andin its autocorre-
lation, that the eventsareattenuatted,besidesthe seconddeconvolution incresedthe
resolutionmeasuredqualitatively.
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