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Attenuation of Primary Multiples and Peg-legs:
Comparisonof WHL and KBC Methods.
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ABSTRACT

TheKBC and WHL methodsare here compaed and appliedto the multiple suppes-
sion of pgg-legsrelatedto upperlow velocitylayers (weatheringzone)andto deeper
high velocitylayers (diabasesills).

INTRODUCTION

The generalaim of the presenteportis to presensomeresultsof the comparisorof

the methodsof WienerHopf-Levenbeg (WHL), andof Kalman-Bug-Crump(KBC)

to resolhe the problemof reconstructinghe mediumreflectvity responséy decon-
volving the source-timeeffective functionfrom obsereddata.

Thespecificaim of the presenteportis to resumeheactvities developedtowards
the study of multiple suppressiomelatedto an upperlow velocity layer (weathering
zone),andof the peg-leg relatedto the samelow velocity layerandto a deepethigh
velocity layer (diabasesills), and alsoto establishnewv problems. This situationis
consideredastypically encounteredn the Amazonsedimentarypasinto whereour
attentionsareaimedat. Theamountof seismicdatais ratherlarge,andasthey desere
more attentionother processingand interpretationproblemssolutionsare naturally
submitted. The challengeis mathematicallyrelatedto the generalrepresentatiomf
inverseproblems.

THE A PRIORI KNOWLEDGE

The componentof the corvolutional modelare describedn canonicform to be in
accordancevith an uniform discretizationestablishedn the Goupillaudsolution of
two-way unitarytravel-timethatusegshe unilateralLaplaceZ-transform(LZT).
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A discretedescriptiorof the 1D corvolutionalmodelfor therepresentatioof seis-
mic data,g(k) , independentf the horizontalray parametep, is givenby:

g(k) = m(k) +n(k) = s(k) x e(k) + n(k). (1)

Wheres(k) representtheeffective source-pulse;(k) isthereflectiity function,m (k)
is thesignal-messagandn(k) is theeternatemptatve to bedescribedistheadditive
signal-noisenot accountedor in ¢(n) andin s(k).

Thesourcetime historyis representely the Berlagefunction:
f(t) = Au(t)t"e "cos(27 fot + ¢y), (2)
wheref, = 32,5 Hzand¢, = 30 rd.

We aim at to constructthe seismicreflectiontrace by the convolutional model
basedon Betti's theorem.The physicsof propagatioris governedby the equationof
particle motionin the 1-D acousticform: p(z)8%g(z,t) = 0,[E(z)d,g9(z,t)]. The
phenomenoiis of anincidentvertical planewave on a mediumformedby horizon-
tal, homogeneouandisotropiclayers. The boundaryconditionsof displacemengor
pressurepnd stresscontinuity resultin definingthe reflection,r;, andthe transmis-
sion, t;,, coeficientsfor the interfacek betweenthe layersk andk + 1, thatresults
in: e = (Ig — Ies1)/ (e + Iiy1), te = 20 /(I + Ixy1), Wherer, andt, arereal
numbersy, +r, =1, | e |< 1and0 < ¢ < 2. Thephysicalproblemnow has
beentransformedo a physicsof interfaces,andthe eventsmakingthe seismictrace
areconsideredsprimaryandsecondaryeflectiongdmultiples).

Therelationbetweerthe descendentD(z), andthe ascendent/(z), waves,and
betweenthe top, £ = 0, andthe bottom,k = K + 1, is expressedy the matricial
propagator:

Di11(2) ] K l Dy(2) ]
= Ng...N1 N . (3
[ Ukr(2) | = 0o = re) e =)@ =y N | iy |- @)
Thereflectiontransferfunctionfor a systemof K layersis givenby:
R(2) = Rec(2) = Uo(2) _ roPu(2) — Qx(2) @)

~ Do(2)  Pr(z) = roQu(2)’

The denominatorP,(z) — roQk(z) hasthe propertyof beingof minimum-phase.
The numeratorr P, (2) — Qx(2) is not necessarilyof minimum-phasewhat makes
R(z) be or not to be of minimum-phase.The polynomial division is ilimited, but
numericallymadeto correspondo thenumberof layersK.

In specialconditionsfor analysesve canadmite(n) = r(n), or yetthate(n) =
r(n). A total response(n) is composedf the primaryincidentfield andof the sec-
ondaryspreadout field, andthe figuresshav how the secondaryfield cangradually
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have thesameamportanceasthatof the primaryfield hasalongthetrace(seeFigurel
and2).

The WHL filter governingequationds a naturalstationarymodel, andthe filter
h(t) is theunknowvn time-invariantoperatotthatis constrainedo satisfya desiredout-
putd(t) throughthe commonlyreferredto asthe WienerHopf integral equation.We
continuewith theequationsn thecorvenientcanonidorms,with auniformdiscretiza-
tion asalreadyestablishedn the Goupillaudmodel. The criteriafor thefilter is the
minimizationof thevarianceerror, e(k) = g(k) — d(k), betweend(k) (desiredsignal)
andg(k) (realoutput)in time domain:

-5 { [ﬁ (k) - d(k)r} | ©)

Thefilter real outputis simply: g(k) = h(k) * g(k). The minimizationof I(h;)
resultsin thegeneraMWHL equation:

Zh ¢’gy (l— ):¢dg(l)- (6)

Thesolutiondefineghecoeficientsh (k) whichdepend®nwhatkind of operation
is to be intendedfor, andaccomplishedy a priori conditions. ¢,,(.) representshe
theoreticalautocorrelatiorof theinput, and¢,,(.) is the theoreticalstochastianilat-
eral crosscorrelatiometweerthe desiredandthe obsered signals. Thefilter quality
is herealsomeasuredy the formulaof the normalizedminimum error given by the
summation:

Imz’n = ¢_qg Z ¢dg (7)

TheKBC filter governingequationsn anaturalnon-stationarynodel,andthedata
window doesnot satisfythe principlesunderlinedoy the corvolutionintegral. For this
reason,the equationis rewritten in the form of a moving averageaccordingto the
commonlyreferredto asthe WienerKolmolgoror problem,andit is expressedy the
matrix integral equation:

t

¢ (to)= [ het,T)d (ro)dr, (ta<mo<t), a(t)= [ hltr)g(r)dr,
(8)

=ag to =99 to

whereg(t) is theactualoutput,andh, (¢, 7) is thecorrespondinglesiredoptimum
time-variantoperator Thecriterionusedis the minimizationof theresiduecovariance
expresse@ds:

1) = |{s

(1) - c_i(t)}z] . 9)
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Theformulationhasfor basisexpressingheresponsef ary systemby anordinary
differentialequationof order N — 1

Z_o an® = ut), (=) (10)

Thetransformationio thestatevariablez,, (¢t) andz,, (¢) is by substitutinghehigher
derivativesof y(t). Theresultingdynamicstateequationin the general(continuous,
time-variant)compactform are:

i(t) = E(Ma(t) + Gt)w(t),  (system) (12)

2(t) = y(t) +v(t) = H(t)z(t) + v(t), (output) (12)

F(t), G(t) and H(t) are matriceswith variableelementsin ¢; w(t) is the forcing
functionthatgenerateshe state;z(t) is the selectedorm for the outputgiven by the
structureof thematrix H(¢); v(t) is theaddtive noisepresent.

Thecontinuougorm solutionis givenby the systemof threecoupledequations:

(DM [ t)— Kt)H (t)} Z(t)+ K(t)z(t), (stateestimatiordifferentialequa-
tion)

(2) K(t) = P()H" ()Y~ (¢), (thegainmatrix);

@) B() = EW®PW) + POE(t) — POH L (O OL) +

G(t)Q(t)G (¢), (theRicattinon-lineardifferentialequation).

DEVELOPMENT OF THE ALGORITHMS WHL AND KBC

TheWHL solutionin discreteform to the problemunderanalysiss a modifiedclassi-
cal predictionoperatorfor multiple attenuation\We resumeas:

(a) Thedesiredoutput:d(k) = m(k + T'), whereT is thepredictiondistance;

(b) The WHL equationin parametridorm: 3, h(k) [¢ss(k) + 020(k)] = ¢ss(1 +
T).

(c) The WHL predictionoperatorwith a rectangulawindow C({) to selectout
the eventsto be suppresseds representedby the equationy" s, h(k)dy, (1 — k) =
C(i — o) dgg(l + T).

An exampleintentionallysimpleis the caseof multiplesnotaccountedor in ¢(k),
represente@dsa delayedpulseof T units (7= layer thickness/layerelocity) with a
generalizatiothroughthefollowing function: f (k) = >1_, r;s(k — T;), whichresults
in anautocorrelatiomf theform: ¢, (k) ~ ¢;¢(k) = Si_o 3o ritidss(k — T; + T7).
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Thefirst termof the seriesis o2¢,,(k), wherethevariances? = 3°L_, 72 modifiesthe
desiredsegmentg,,(k), andthe decowolutional operatorhasa factorthat scaleshe
desirede(k). Fromthis we concludethatfor windowing ¢,(k) it is necessaryhatthe
lengthsof the source-pulsandof thetemporalwindow for truncationandsmoothing
do not containthe first multiple at distancel;. Consequentlythe elongatedperator
with 77 decowolvesthe multiple of period7;, andthe operatorwith lengthT; + T

decowolvesthemultiples7; and73, andsoon. (seeFigure2 and3)

The applicationof the KBC solutionin discreteform to a seismictrace, z(k),
consistsin a sequenc®f point-to-pointoperationsorganizedin a definite sequence.
Thematrix P(k) computeds:

Dt (k) = 2(k, k= 1)P" (k= 1)2" (k,k — 1) + Q(k — 1), (13)
D (k) = P (k) — K(k)H (k)L (k), (14)

where®(k, k — 1) is thestatetransitionmatrix. Thegainmatrix K (k) is calculated
by:

1

H(k)PH(k)H" (k) + B(k)} . (15)
Thestatevectoris calculatedy:
(k) = 27 (k) + K() [z(k) =&~ (R)] s &7 (k) = 2(k, k= DE~(k—1); (16)

And the outputhasthe expression:z* (k) = H(k)z* (k). The stratgy is to recoser
themultiple-freesismogram.

We start identifying the variable with the non-stationarymodel. The seismic
pulseis representedby the matrix: H;; = s;(i). The selectionof the statevector
is nonuniqueandin this casetheis definedas:

z(k) =[g(k) gk-1) .. g(k—L+1)]. (17)

The dynamicequationf the systemto establishthe recursve procesf genera-
tion of the statevectoris completedy thefollowing model:

900) = Sk~ Vig(k ~ 1) + vafl — 1), a®)

v9(k) is theoreticallyconsideredas a white stochasticprocess. This equation
projectsthe traceforward througha weighedsumof L previous valuesin a similar
formalismto the WHL. The coeficientsb;(k) aredefinedby a chosermodelandex-
perimentationandin the presentcasehasbeenthe exponentialmodel. The stateis

written as
z(k) = 2(k, k — 1a(k — 1) + guo(k — 1). (19)
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NUMERICAL RESULTS

We constructedwo basic modelsfor shaving and comparingthe WHL and KBC
operatordn multiple attenuationwhereundesirablesffects from sills andfrom low
velocity upperlayersare suppressedand informationfrom lower target layers(low
acoustidmpedancegrebetterstressedThe first modelis formedby 4 layersover a
half-spacgFigurel),andthe secondnodelis formedby 250layersover a half-space
(Figure4). Thelayerthicknessvary from 1 to 20 meters.This secondnodeltriesto
simulatethe estratigraphyf the Amazonsedimentarypasin.

Figures2 and 3 shaw the resultsof the WHL and KBC operatorgor the simple
model(4 layers)describedn Figurel. In Figure2 we obsene the goodperformance
of bothoperatorfWHL andKBC) in suppressinghe peg-leg, andalsothatthe WHL
shavs to bea someavhatbetterthanthe KBC. In Figure3 we interpretby markingthe
differenteventson the seismictraceandon its autocorrelationlt is alsomarkedthe
window C'(k) thatselectoutthe eventto betreated.

Figures5 to 8 shaw the resultsof the WHL andKBC operatordor the complex
model(250layers)describedn Figure4. Figure5 we interpretby markingthe differ-
enteventson thesismictraceandon its autocorrelationlt is alsomarkedthewindow
that selectsthe eventsto be treated. In Figure 6 we obsenre the good performance
of bothoperatoryWHL andKBC) in suppressingeveral peg-legs, andalsothatthe
WHL shavsto be somavhatbetterthantheKBC. Thefinal shovn resultsof the WHL
and KBC were obtainedonly after two consecutie decomwolutions, wherethe first
outputsenesasinput for the seconddecomwolution. The resultsof eachWHL de-
convolution, andthe markingof the windows on the autocorrelatiorfor selectingthe
eventsto betreatedareshavn in Figures7 and8, respectiely.

CONCLUSIONS

Oneadwantagefor implementingthe WHL with respecto the KBC wasthe facility

for selectingthe eventto be treated besideghe possibilityto includemorethanone
eventin onesuppressiomprocess. The KBC operatorperformsthis sameoperation
by making useof a direct model obtainedfrom a well-log. The attenuationof the
multiples(after primariesandpeg-leg) producedby our modelof diabasesills clearly
shaws thatthe of presencdower layersbecomemoreevident. The form of thetrace
of the WHL operatorbecomesanore complex asthe quantity of selectedeventsare
includein thetruncatingwindow. Onthe otherhand,the KBC operatiortakescareof

oneeventatatime. Thecomparisorof the WHL andKBC techniqueshaw thatthe
a implementatiorof the KBC canbe simplerthanthe WHL, on the otherhand,the
experimentshov thatthe WHL is alittle moreefficientin resolutionthanthe KBC.
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Figurel: Simplemodelfor operatoranalyses(a) Geologicalsection.(b) Densitylog.
(c) Velocity log. (d) Distribution of reflectioncoeficients. () RMS log andAverage
velocities. (f) Reflectvity. (g) Seismictrace obtainedby convolution betweenthe
mediumimpulseresponsealculatedoy the Goupillaud(f) solutionwith an effective
sourcepulse(Berlagefunction).
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Figure2: Simplemodelfor operatoranalyses.¢(t) is the seismictrace. y;(¢) is the
WHL filter output. y,(t) is the KBC filter output. As a comparisonthe multiple
suppressioy WHL looksbetterthanthe KBC output.
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Figure3: Simplemodelfor operatoranalysesWe stresson the interpretationof the
autocorrelation.g(t) is the seismictrace. y(t) is thefilter output. ¢4, is the input
autocorrelationg,, is autocorrelatiorof the output. P;, P», P; and P, representhe
primary reflectionsfrom the first, secondthird andforth interface,respectiely. P, ;
and P, , arethe multiplesfrom the first interface. P, p11, Py p12, Psp11, Psp12,
Py p11 and Py py o, arethe peg-legsfrom the secondthird andfourthinterfaces.
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Figure4: Complex modelfor operatoranalyses.(a) Geologicalsection. (b) Density
log. (c) Velocitylog. (d) Distribution of reflectioncoeficients.(e) RMSlog andAver-
agevelocities.(f) Reflectvity. (g) Seismictraceobtainedoy corvolution betweerthe
mediumimpulseresponsealculatedoy the Goupillaudsolution(f) with an effective
sourcepulse(Berlagefunction).
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Figureb5: (a) Distribution of reflectioncoeficients.(b) SeismogramP; representthe
reflectiondrom aninterfacethatseparatetheupperow velocity layersfrom thelower
high velocity layers. S;, S; andS; arethe sequentiafteflectionsfrom sills layers. P,
representhe reflectionfrom the basemeninterface. P, ; and P, , representhe first
andthe secondmultiple from P;. Si p1,1 andS; p1 o arethe peg-legsfrom the top of
the first sill layer on the interfacethat correspondso P;. Sy p1,1 andS; p1 o arethe
peg-legsfrom thesecondsill ontheinterfacethatcorrespond® P;. S3 p11 andSs p1 o
arethe peg-legsfrom thethird sill ontheinterfacethatcorresponds$o P;. S, 511 and
Ss.51,2 arethe peg-legs from the secondandthird sill layeron the interfacefrom the
firstsill. P, g1 is thepeg-leg from thereflectionof the basemento thefirst sill.
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Figure6: Complex modelfor operatoranalysesg(t) is the seismictrace.y; (¢) is the
WHL filter output. y,(t) is the KBC filter output. As a comparisonthe multiple sup-
pressiorby WHL givesa betterresultthanthe KBC output. The primaryinformation
from thedeepelayersis betterrecognized.
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Figure7: ¢(t) is the seismictrace.y(t)is the decowolvedtrace. ¢, is theautocorre-
lation of theinput. ¢,, is the autocorrelatiorof the output. The verticallineson ¢,
representhelimits of therectangulawindow for selectingheeventsto besuppressed.
We obsenrein thedecowolvedtrace andin its autocorrelationthattheeventsP; ; and
S1,p1 areattenuated.
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Figure8: ¢(t) is the outputof the previousdecowolution on the seismictraceof Fig-

ure7. y(t) is thetwofold decowolvedtrace. ¢4, is theinput autocorrelation.g,, is

the autocorrelatiorof the output. The verticallineson ¢,, representhelimits of the

rectangulawindow used.We obsere in the decowolvedtrace,andin its autocorre-
lation, that the eventsare attenuattedbesideghe seconddecowolution incresedthe

resolutionmeasuredjualitatvely.
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