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ABSTRACT

We presenta hybrid methodfor computing multi-arrival traveltimesin weakly
smoothed3D velocity models. An efficient computationof multi-valuedtraveltimes
and of the KMAH index in 3D modelsis importantfor 3D presta& Kirchhof migra-
tion. Thehybrid methodis basedon the computatiorof first-arrival traveltimeswith
a finite-differenceeikonal solverandthe computatiorof later arrivals with the wave-
frontconstructiormethod WFCM).For a fastertraveltimecomputatiorweimplement
a WFCMwithoutdynamicaytracing Thedetectiorof later arrivals is doneautomat-
ically and permitsthe estimationof the KMAH index. Thehybrid methodis a better
alternativeto WFCM, sinceit is consideably fasterandhasa compagableaccuracy.

INTRODUCTION

3D traveltime computatiorhasmary applicationsn seismicprocessindSethianand
Popwici, 1999). One of themis 3D prestackKirchhoff migration. 3D traveltime
mapsarecommonlycomputedwith finite-differenceeikonal solvers(FDESs)or with
ray-tracingtechniquege.qg.,Vidale,1990;Eeneny, 1985).

FDESsprovide fastandrobustfirst-arrival traveltime computationgVidale,1990;
SethiamandPopwici, 1999).However, in complec velocity structuresfirst arrivalsdo
not necessarilycorrespondo the mostenegeticwave, andlaterarrivals canbe more
importantfor accuratanodelingandimaging(e.g.,GeoltrainandBrac,1993).

Multiple arrivals are traditionally computedwith ray-tracing methods (e.g.,
Eeneny, 1985). The mostsuitableimplementationof ray tracing for computinga
large numberof two-point problemsis the wavefront constructionrmethod(WFCM)
(e.g.,Vinje etal., 1996;Lambag et al., 1996; ComanandGajewnski, 2000). Unfortu-
nately the computationaéfficiengy of WFCM is lower thanfor FDES(Leidenfrostet
al.,1999).
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In this paper we presenta more efficient computationof multi-valued3D travel-
timesin weaklysmoothednedia.We combineFDESandWFCM to a hybrid method,
takingadvantageof the computationaspeedf FDESandusingthe ability of WFCM
to computemulti-valuedtraveltimes.Thisideawasalsousedby EttrichandGajavski
(1997)for arelated2D hybrid method.

Veryimportantfor thehybrid methods anefficientdetectiorof laterarrivals. This
is necessaryo avoid the computatiorof first arrivalsby the WFCM. The detectionof
laterarrivalsin a 3D modelis moredifficult thanin a2D model.For the 3D modelwe
have developedandtesteddifferenttechniquesndfinally selecteconethat usesthe
detectionof causticregionsasanintermediatestep.

The WFCM playsa centralrole in the hybrid method. It not only computedater
arrivals but alsoprovidessubroutinedor detectionof laterarrivals. The 3D WFCM
proposedy Vinje etal. (1996)is basedon dynamicray tracing (DRT). For a faster
traveltime computatiorwe have implementech WFCM without DRT.

We startthe next sectionby a presentatiomf the hybrid methodfollowedby theo-
reticalandpracticalaspect®f laterarrivals. We presentifferentapproaches detect
later arrivals andshaw thatby usingthe distancebetweenwo neighbouringrayswe
getan efficienttechniquewhich alsopermitsthe estimationof the KMAH index. We
shav numericalexampleson a 3D two-layervelocity modelandon a 3D versionof
theMarmousimodelandestimatehe CPUtime thatcanbe saved by usingthe hybrid
methodinsteadof theWFCM alone.

Thehybrid methodwasdevelopedfor anefficient prestackirchhoff depthmigra-
tion. For true-amplitudeKirchhoff migration(Schleicheretal., 1993),we suggesthe
computatiorof traveltimesandKMAH index with the hybrid methodfollowedby the
computatiorof the weightingfunctionfrom traveltimesonly (Vanelleand Gajevski,
2000).

HYBRID METHOD

For a moreefficient computatiorof multi-valued3D traveltimesin weakly smoothed
mediawe present hybrid method.The methodconsistof threesteps:

1. Computatiorof first-arrival traveltimeswith FDES.
2. Detectionof laterarrivals.
3. Computatiorof laterarrivalswith WFCM.

As arrival we considerthe transmissioriraveltime of a wave propagatingrom a point
sourcethroughthe velocity model. Multi-valuedarrivals are eventscorrespondingo
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rayswith differentpathsthatarrive atthe samerecever. A typical multi-valuedwave-
front (WF) is shown in Figurel. The pointsC; and (), are caustics. The branch
betweencaustics(the reversebranchof the triplication) is built by rayswhich have
passed causticandnow carrythird arrivals. Raysbetweerthe causticandthewave-
front crossingpoint carrysecondarrivals,while all otherrayscarryfirst arrivals.

Figure 1: A triplicated WF. Point

X is a WF crossing point. At

this point two rays with different

pathsarrive at the sametraveltime.

At the WF crossingpoint the first-

arrival isochronis not smooth.The

pointsC; and (), representaustic M
points. The branchbetweenthese A = B
points, the reversebranch,is built

by rayswhich have passech caus-

tic point. Raysbetweenthe caus-

tic point and the wavefront cross-

ing point (WF C; X (C5) carry sec-

ond arrivals, while all other rays

carryfirstarrivals.

The consideratiorof later arrivalsimprovesthe quality of prestackKirchhoff mi-
gration (Geoltrainand Brac, 1993). In regionswherelater arrivals occurthey most
oftencarry a higheramountof enegy thanthefirst-arrival. Laterarrivalscommonly
are built by rayswhich passed low velocity region. In this region the geometrical
spreadings low, i.e. ahighray amplitude.

For first-arrival traveltime computationwe use the FDES proposedby Vidale
(1990), but othermethodscould be alsoused(e.g., Sethianand Popwici, 1999). To
avoid the computationof first arrivals with the WFCM we detectlater arrivals. The
detectionof later arrivals is the key elementof the hybrid method. Theoreticaland
practicalaspectsegardingthe detectionof laterarrivalsaregivenin the next section.
To computdaterarrivalswe adaptthe 3-D WFCM (Figure2) proposedy Vinje etal.
(1996)to the needwf the hybrid method.

The WFCM proposedby Vinje et al. (1996)is basedon DRT. By using DRT,
we needa velocity modelwith smoothsecondderiatives. DRT also decreasethe
computationaéfficiency of raytracingbecauséhe DRT systenmustbesupplimentary
solvedalongeachray.

DRT consistsn solving a systemof several ordinarydifferentialequationsalong
a ray to get the elementsof two matrices(P and Q). For more detailsaboutDRT
referto, e.g, Eeneny (1985). Q is the transformatiormatrix from ray to Cartesian
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Figure2: The WFCM method(2D
and simplified). The basic con-
ceptof the WFCM is to propagate \ o
a wavefront as a representatiorof AN/ S TRy
endpoints(nodes)of a numberof
rays at a given time andto retain
a goodrepresentationf the wave-
front by interpolationof new rays.
Another interpolationis done for
traveltimesfrom nodesto the rect-
angulargrid. For detailsseeVinje
etal. (1996).
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wherez; are Cartesiarcoordinates.In caseof a point source,y; and~, may bethe
take-off anglesatthepointsourceandrys is aparametealongtheray (e.g.,r traveltime
or s arclength) At causticpointstheray jacobian(J = det |Q|) vanishegJ = 0).

Theinterpolationof the elementof the matriciesQ andP atanew rayis aweak
pointin the WFCM. A third orderpolynomialinterpolationmay leadto unstableso-
lutionsin somecaseqVinje etal. 1996)andthe linear interpolationis not accurate
enoughandleadsto wrongdetectiorof caustigpoints. Thereforejn thehybridmethod
we useanimplementatiorof the WFCM without DRT (ComanandGajavski, 2000).

DETECTION OF LATER ARRIVALS

An efficientdetectiorof laterarrivalsis essentiafor thehybridmethod.In thissection
we presentdifferentapproacheso detectlater arrivals and shav that by usingthe

distancebetweentwo neighbouringrays we get a simple, fast, robust and accurate
technique Thistechniquealsopermitsusto estimatehe KMAH index.

In the classicaWFCM, Vinje et al. (1996)usethe take-off directionfrom the
sourcedg to distinguishbetweenrarrivals. ds is definedastheinitial tangentvectorof
theray thatwould reachtherecever if theray actuallyhadbeentraced.Two arrivals
at arecever cannothave equaldg. Thistechniqueto detectlaterarrivalsis not suit-
ablefor the hybrid methodbecausdt assumeshatthefirst arrival is alsoobtainedby
WFCM. To keepthehybrid methodefficientwe mustavoid doublecomputatiorof first
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arrivals. In otherwords,we mustfind regionswith laterarrivalswithoutinterpolating
of first arrivalswith the WFCM.

Next, we presenfassumptionsegardinglater arrivalsandarguewhy this assump-
tionscouldbemade.Theassumptionsre:

1. Beforearay belongsto the reversebranchiit first passeda WF crossingpoint
andacaustic.
The supportfor this assumptions givenby Figure3. Thebold ray atts which
belongso thereversebranchpassedhe WF crossingpointatt; andthecaustic
atts.

2. Thefirst-arrival traveltimeis not smoothin the region aroundthe WF crossing
point.
Thederwative of thetraveltimeis theslowvnessvector At the WF crossingpoint
two raysfrom differentdirectionsarrive atthe sametraveltime. A functionwith
anambiguouderiative at a point is not smoothat that point. For a graphical
supportseeFigurel.

3. Thedistancebetweentwo neighbouringaysis very small (local minimum)in
the causticregion.
In thecausticregionthewave eneqgy is very high, thatmeansa high ray density
or in otherwordsa small distancebetweerntwo neighbouringays. A graphical
supportis givenin Figure3, wherethedistancebetweertheraysreacheslocal
minimumbetweerthetraveltimests andig.

4. Causticpointsof seconcbrderareexceptions.

At causticsthe cross-sectionaareaof the ray tube shrinksto zero. In a 3D
mediumtherearetwo typesof caustics At a causticpoint of first order theray
tubeshrinksto anelementanarc, perpendiculato thedirectionof the propaga-
tion. For rayswhich passedhis causticthe KMAH index shouldbe increased
by one. At the causticpoint of secondorder the ray tube shrinksto a point.
For rayswhich passedhis caustiche KMAH index shouldbeincreasedy two
(e.g.,Eeneny, 1985). A causticpoint of secondorderis an exceptionalcase
thatis unlikly to occurin real geologicalsituationsunlessis hasbeenimposed
by symmetryof the problem(Haryga,1988).

We have assumedibove (assumptioril) that beforecarryinglater arrivals a ray
passedh WF crossingpoint. Rayswhich belongto the reversebranchalsopassed
caustic.Basedon this assumptionwe presentwo classe®f approachefor detection
of laterarrivals. Thefirst presumeshe detectionof the WF crossingpoint, thesecond
presumeshe detectionof the causticregions. Next we discusghis two approaches.
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Figure 3: The evolution of a WF
that triplicates. Six WFs are rep-
resentedat differenttraveltimes. O
is the sourcepoint andt; aretrav-
eltimes. The position of two rays
at giventraveltimesis markedwith
arrans or white dots. At ¢5 thebold
ray passest WF crossingpoint. Up
to this traveltimeit carriesfirst ar-
rivals. Thenit carriessecondar
rivalstill t; whenit passes caus-
tic. After passingthe causticthe
ray carriesthird arrivals. The dis-
tancebetweenherayspasses lo-
calminimumin the causticregion.

Detectionof WF crossingpoints

This approachconsistsof two steps. The first stepis the detectionof WF crossing
pointsby usingthefirst arrival traveltime map. The secondstepis the initialisation of
the WFCM.

Onepossibility to detecta WF crossingpoint is to usethe factthatthe slowness
vectorchangests directiondiscontinuoushat this point. This factwasalsousedby
Ettrich and Gajevski (1997)to detectWF crossingpointsin the 2D hybrid method.
Anotherpossibilityis to usetheassumptiorthatthetraveltimeis smoothexceptatthe
WEF crossingpoints(assumptior®). To detectthesepointswe estimatethe difference
betweera smoothedandthe original first arrival traveltime map. In regionswith WF
crossingpointsthis differenceshav high negative values.

After detectingthe WF crossingpoint we have theoreticallythreepossibilitiesto
initialisethe WFCM: (1) by usingthe slownessvectorsto construca WF in theregion
beforethetriplication; (2) by performingbackwardray tracingfrom the WF crossing
pointsto the sourcepointandcomputethetake-off anglesy(3) by sendingraysinto the
wholemodelstartingfrom thesourceandinterpolatetraveltimesandotherparameters
only betweerraysthatpassed region with WF crossingpoints.

A drawbackof all thesetechniquess thatthey boundtheregion with laterarrivals
with poor accurag andthat they cannotestimatethe KMAH index. The first two
techniguesrealsodifficult to implement.
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Detectionof causticregions

Thisis aonestepapproachyhichis easyto implementasmostof the computercode
is sharedwith the WFCM. It workswithout initialisationof the WFCM. Actually, we

only propagatehe WF without ary parametemterpolationat gridpoints.For the WF

propagatiorwe needlessthan5 % of the CPUtime of the whole WFCM. Therefore,
thisapproachs veryfast.

We have developedandtestedwo techniqueso detectcausticregions. Bothtech-
niquesareaccuraterobustandallow to estimatehe KMAH index. Thefirsttechnique
usesthe WF curvaturesign andwas presentedn Comanand Gajewnski (2000). The
secondechniqueusesthe distancebetweenwo neighbouringays. This distanceis
alreadycomputedn the WFCM asit is neededor theinterpolationof new rays(e.g.,
Vinje et. al., 1996). Therefore we selectthe secondechniqueasit is easietto imple-
mentandfaster

We have assumedbove (assumptiorB) thatthe distancebetweerntwo neighbour
ing rays passes local minimumin the causticregion. In somecaseshis happens
but thereis no caustic. However, thesecasesarevery seldomandeasilydetectedy
comparingthe interpolatedraveltime with the first arrival traveltime. We have also
assumedassumptiord}) thatcausticpointsof secondorderareexceptions.As acon-
sequenceif we detecta causticwe considelit asa causticof first orderandincrease
theKMAH index by one.

Testsof this techniquehave shavn thatit boundsthe regionswherelater arrivals
occurwith goodaccurag andproperlyestimateshe KMAH index.

COMPUTATION AL SPEEDAND ACCURACY

In this sectionwe comparehe computationabpeedoy a givenaccurayg betweerthe
hybrid methodandthe WFCM.

Commonlytheaccurag of amethods definedastheabsolutevalueof therelative
error of the computedtraveltime comparedo the expectedtraveltime. In comple
modelsthe expectedtraveltime cannotbe computedanalytically so we computea
referencdraveltime mapby runningthe WFCM in ahigh accurag mode.

Theaccurag of theWFCM basicallydepend®ntheaccurag of ray tracing(what
traveltime stepand what methodis usedto propagatehe ray), the numberof rays
that are propagatedhroughthe model (mainly they are function of the predefined
maximumdistancebetweertwo neighbouringays)andtheaccurayg of the parameter
interpolationat new raysandat gridpoints. For moredetailsaboutaccurayg seee.g.,
Lambaké etal., (1996). To comparethe hybrid methodwith the WFCM we selectfor
the WFCM acomparableccurag asfor the FDES.
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Let usanalyzenext the computationakpeed.Figure4 shaws the qualitatve vari-
ation of the CPU-timeasa function of the numberof the later arrival gridpoints. In
a modelwithout later arrivals the hybrid methodis up to four timesfasterthanthe
WFCM. Thisis adirectconsequencthatthe FDESis fasterthanthe WFCM andthat
thedetectiorof laterarrivalsis alsovery fast(seeabove).

Figure 4. CPU-time for the hy-
brid methodand the WFCM. The
CPU-timefor the hybrid methodis
the sumof the CPU-timefor com-
putatingfirst arrivals, for detecting
of later arrivals andfor computing
later arrivals. In a modelwithout
triplication (point O attheaxiswith
laterarrival gridpoints)the hybrid
methodis aboutfour times faster

than the WFCM. The CPU-time | fstarrval computaton -
differencebetweerthe WFCM and 0 Later-arrival gridpoints
thehybridmethods notfunctionof

the numberof gridpointswith later

arrivals.

WFCM

CPU-time

computation of
later arrivals

As the computationof later arrivals is the samein both methodsthe CPU-time
differencebetweerbothmethodsstaysconstantaindis not a functionof the numberof
gridpointswith laterarrivals.

COMPUTATION AL EXAMPLES

Thefirstnumericakexampleis in a3D two layermodel(Figure5), wherethetraveltime
mapis single-\alued.Thecomputatiorof traveltimein this modelwasdoneonly with
the FDESandthe hybrid methodwasaboutfour timesfasterthanthe WFCM.

The secondexamplerepresents 3D versionof the Marmousimodel. To getthis
modelwe extenda 2D smoothMarmousimodelin the third dimensionto 101 grid-
points. The Marmousimodel (Versteg and Grau, 1990) hasbeenwidely usedasa
referencanodelto validatenev methods.We usearesampled12.5 m in eachdirec-
tion) andsmoothmodel(Figure6). Thesources locatedat coordinates = 612.5 m,
y = 6000m andz = 62.5 m. Thefirst-arrval traveltimeat gridplaner = 612.5m is
displayedn Figure7. Theregion with laterarrival traveltimesis displayedn Figure
8. By usingthe hybrid methodwe computethe traveltimestwo timesfasterthanwith
theWFCM alone.



Figure 5. Two layers model and
isochrones.The upperlayer hasa
velocityof 2.0 km/s. Thelayerbe-
low hasavelocityof 2.5 km/s. The
model has 201 gridpointsin each
direction. The distancebetween
gridpointsis 0.01 km. The source
positionisatx = 1km,y = 1km

andz = 0.01 km.

Figure6: Smoothed3D Marmousi
model.

Figure 7: First arrival isochrons
in the Marmousi model at z =
612.5m. Thetraveltime wascom-
putedwith Vidale's FDES (Vidale,
1990)

Figure 8: The black regions shav
domainswherelaterarrival travel-
time werecomputed
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CONCLUSIONS

We have presente@ 3D hybrid methodfor fastmulti-valuedtraveltimecomputationn
weakly smoothedrelocity models.The hybrid methodcomputeghefirst-arrival trav-
eltime with a fastFDESandusesWFCM only in regionswherelater arrivals occur
Thedetectionof laterarrival traveltimesis doneautomaticallywithout userinterven-
tion. For thiswe useafast,simpleandrobusttechniquewnhichis basednthedistance
betweenwo neighbouringays. This techniquealsoprovidesthe KMAH index. We
improvedthecomputationaéfficiengy of theWFCM by avoiding dynamicraytracing.

If laterarrivalsareabsenthenthe hybrid methodis roughlyfour timesfasterthan
the WFCM. In modelswith triplicationsthe hybrid methodis 1.5- 3 timesfasterthan
the WFCM. E.g., in a 3D Marmousimodelthe HM was two times fasterthanthe
WFCM. Theaccurag of traveltimescomputedoy the hybrid methodis givenby the
accurayg of the appliedFD eikonal solver andby the ray tracingparametersisedin
the WFCM.

We have optimisedthe hybrid methodto computemulti-valuedtraveltimesfor the
3D prestackKirchhoff migration. However, sincethe migrationweightscanbe com-
putedfrom traveltimesalone(VanelleandGajevski, 2000),it is alsopossibleto per
form true-amplitudeprestackKirchhoff migrationfor first andlater arrivals with the
hybrid method.
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