
WaveInversionTechnology, ReportNo. 4, pages109-117

Fastcomputation of 3D traveltimesand migration
weightsusinga wavefront oriented ray tracing

technique
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ABSTRACT

Wepresenta wavefrontorientedray-tracing(WORT)techniquefor a fastcomputation
of traveltimesandmigration weightsin a smooth3D velocitymodel. In this method,
wepropagatea wavefront stepwisethroughthemodelandinterpolateoutputquanti-
ties(ray quantities,e.g., traveltimes,slownesses)fromraysto gridpoints. In contrast
to Vinje's wavefront constructionmethod,our techniqueis basedonly on kinematic
ray tracing. We showthat kinematicray tracing is sufficient for the computationof
migration weights. We increasethe computationalefficiencyby (1) usingonly kine-
matic ray tracing, (2) definingthe input quantities(velocityand it' s first derivatives)
on a fine grid and usinga linear interpolationto estimatethesequantitiesat arbi-
trary points, (3) computingand interpolating only quantitieswhich are neededfor
amplitude-preservingmigration. For a betteraccuracy, in the WORTtechnique, we
generate new rays directly at the source point (not on the wavefront). The WORT
methodcomputesmulti-valuedtraveltimes.Themaximalnumberof computedlater-
arrivals canbedefinedasan input parameter. By computingonly first-arrival travel-
times,theWORTtechniqueis fasterthanVidale's finite-differenceeikonal solver. The
WORTmethodcanbeusedfor amplitude-preservingmigration of seismicwavesfor
datain commonshot/receivergathers.

INTRODUCTION

In thispaper, wepresentamethodfor a fastcomputationof traveltimesandmigration
weightsfor 3D amplitude-preservingKirchhoff prestackdepthmigration. Prestack
depthmigrationis a standardmethodfor imagingcomplex geology. If a subsequent
AVA analysisis required,thenit is necessaryto usepropermigrationweights.Starting
from resultsproposedby Schleicheretal. (1993)andusingparaxialraytheory(Hubral
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et al., 1992),Hanitzsch(1997)expressedweight functionswith respectto quantities
of the Greenfunctions. This notationis well suitedfor numericalimplementationif
the Green's functionsarecomputedwith ray tracing(Hanitzsch,1997). In contrast
to finite-differenceeikonal solver (e.g.,Vidale, 1990), ray tracingalsoallows us to
computelater arrivals. Later arrivals are importantfor the quality of the migrated
images(GeoltrainandBrac,1993;EttrichandGajewski, 1996).

For 3D true-amplitude(' true-amplitude'asdefinedby Schleicheret al. (1993))
prestackdepthmigration,a hugenumberof two-point ray-tracingproblemsneedto
besolved. Cerveńy et al. (1984)describeda shootingmethodin which a fanof rays
aretracedbetweensourceandreceiver surface,andparaxialextrapolationis usedto
estimatequantitiesat receiver points. The main problemwith this approachis the
limited controlof continuousillumination. Vinje et al. (1993,1996a,1996b)solved
thisproblemby groupingadjacentraysinto cellsandby usingtheseraysto propagate
the wavefront. They useddynamicray tracing (DRT) for the interpolationof new
rayson thewavefrontandfor theinterpolationof kinematicanddynamicquantitiesto
gridpoints.For therepresentationof themodelthey usedasetof heterogeneouslayers
separatedby smoothinterfaces.EttrichandGajewski (1996)showedthatfor theneeds
of prestackdepthsmigrationa gridbasedmodel representationis moresuitableand
they usedthis in a wavefrontconstruction(WFC) methodfor 2D smoothmedia.All
theabovecitedmethodsarebasedonDRT.

In this paper, we proposea 3D wavefrontorientedray tracing(WORT) technique
which is particularlydesignedfor fastcomputationof 3D traveltimesandmigration
weights. We show that the weight function proposedby Hanitzsch(1997) can be
approximatelycomputedusingonly kinematicray tracing(KRT). Therefore,we im-
plementtheWORT techniqueby usingonly KRT andwe computeandstoreonly the
quantitieswhichareneededfor true-amplitudemigration.

In the following section,we will prove that migrationweightscanbe computed
from quantitiesobtainedby KRT, thenwe will presenttheWORT methodandfinally
wewill show aresultof traveltimecomputationin acomplex velocitymodel.

MIGRA TION WEIGHTS

By usingpropermigrationweightstheamplitudesin migratedimagesdeterminethe
reflectivity. Therearedifferenttheoreticalapproachesto true-amplitudemigration/
inversion(seee.g.,Hanitzsch,1997andreferencestherein)andtheweight functions
aregivenin differentnotations.Hanitzsch(1997)showedthatall theseexpressionsare
relatedandsuggestedanotationin termsof thepointsourcepropagator��� ( Cerveńy,
1985),which is well suitedfor numericalimplementation.By consideringtheKMAH
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index, theweightfunctionfor commonshotreads:�������������! "$#%"$�'&(#%&)� *++, det ���.- #0/
det ���.- �1/32)4$576 809;:=<?>A@B:=C0>ADFE (1)

where " is thedensity, & is thevelocity, � is theinclinationangle, G is theKMAH
index. ThesubscriptH denotesthesourcepoint, I denotesthereceiver, J denotesthe
depthpoint underconsideration(imagepoint), HKJ denotesthe ray segmentsource-
imagepointand ILJ denotestheray segmentreceiver-imagepoint.

For apointsource,usingthreenearby raysweapproximatelywrite detMN���.- #0/PO as
a functionof quantitiesthatcanbecomputedwith KRT. Theexpressionreads:

det ���.- #0/RQTS 9 �.U DWV S 9YX U DZ 9 �.U D# V Z 9YX U D# E (2)

whereS 9;[]\WD is thedistancevectorbetweenpoint J 9Y[YD and J 9^\_D , Z 9;[]\_D# � Z 9^\_D# ` Z 9Y[YD#�ab
and c take valuesfrom 1 to 3 andindicatetheray underconsideration,J 9;[^D is the

intersectionof the ray with a given wavefront and Z # is the slownessvectorat the
sourcepoint (seeFigure1). Theexpressionfor detM7���.- �1/PO is similar.

Figure 1: Distancevector S 9Y[d\_D ,
and slowness difference Z 9Y[d\_D .Z 9;[]\WD � Z 9^\WD ` Z 9;[^D E where,

b
andc take valuesfrom 1 to 3 and in-

dicatethe ray underconsideration.J 9Y[YD is the intersectionof the ray
with agivenwavefrontand Z is the
slownessvectorat thesourcepoint.
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WAVEFRONT ORIENTED RAY TRACING

In the WORT technique,a wavefront (which is definedby the endpointsof rays) is
propagatedstepwisethroughthe model,andray quantitiesareinterpolatedto a dis-
cretegrid. To describethe WORT technique,we compareit with the classical3D
WFC methodby Vinje et al. (1996a,1996b).In bothmethodstheray field is decom-
posedinto elementarycells (a cell is the region betweenthreeadjacentraysandtwo
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consecutive wavefronts). However, the propagationof the wavefront, the generation
of new rays,theestimationof rayquantitiesatgridpointsandtherepresentationof the
modelaredifferent.

Pleasenotethedifferencebetweenthefine grid wheretheinput quantitiesarede-
finedandthecoarsegrid whereoutputquantitiesareestimated.

Propagationof wavefronts

TheWORT techniqueis basedon KRT, while theWFC methodis basedon KRT and
DRT. Theray is definedby its initial conditions,e.g.,for apointsourcetheinclination
anddeclinationat thesource.For a givenray, KRT is usedto computethewavefront
locationandthe slownessvectorat given traveltimes. Dynamicquantitiesalongthe
samerayarecomputedwith DRT. For moredetailsaboutKRT andDRT referto, e.g.,
Cerveńy (1985).

On the one hand,DRT is a useful tool for the interpolationof new rayson the
wavefront, for the estimationof kinematicquantitiesat gridpointsandfor the com-
putationof migrationweights. On theotherhand,DRT needsa velocity modelwith
smoothsecondderivatives,while for KRT smoothfirst derivativesaresufficient; the
computationalefficiency of ray tracingis reducedbecausethe DRT systemmustbe
solved (in additionto the KRT system)alongeachray, andthe interpolationof new
raysusingDRT is notaccuratein certainsituations(seebelow) .

In sectionMigration weights,we have shown that migrationweightscanbe ap-
proximatelycomputedwithout DRT. We will show below that DRT is alsonot nec-
essaryfor the generationof new raysandfor the estimationof ray quantitiesat the
migrationgrid.

Generationof newrays

A new ray is generatedbetweentwo raysof thesamecell (parentrays)if eitherof the
following conditionsis satisfied:(1) the distancebetweentheseraysis larger thana
predefinedmaximumvalue,or (2) theanglebetweentheslownessvectorsof the two
raysis largerthanapredefinedthreshold.

In the WORT techniquea new ray is generateddirectly at the sourcepoint and
KRT is usedto propagatethe ray to the given traveltime,while in the WFC method
a new ray is interpolatedon a wavefrontusingDRT andtheparaxialray theory(e.g.,
Cerveńy, 1985).Thegenerationof anew rayat thesourcepoint leadsto moreaccurate
ray parameterthanthe interpolationof a new ray on thewavefront. Theaccuracy of
therayparameteris essentialfor theaccuracy of thewholemethod.
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Theinterpolationof new rayson thewavefrontin theWFC methodis rathercum-
bersome.Many kinematicand dynamicquantitiesneedto be interpolatedand this
affectsthecomputationalefficiency. Theaccuracy of theinterpolationdependson the
accuracy of theparaxialapproximation.Accuracy of paraxialinterpolationis low if the
distancebetweentwo raysincreasevery fastor if theslownessdirectionchangevery
fast. Moreover, the dynamicquantitiescannotbe interpolatedby usingthe paraxial
approximationandthereforea linearinterpolationis used.Inexactdynamicquantities
affectstheinterpolationof rayquantitiesto receiverpointsandtheinterpolationof new
rays.

In the WORT techniquewe generatea new ray directly at the sourcepoint. The
take-off slownessof thenew ray is givenby theaveragevalueof thetwo parentrays.
Thepropagationof theray is doneby KRT with aRunge-Kuttamethodusinganadap-
tive timestep.This methodis fastandprovidesanaccurateslownessandlocationon
the wavefront for the generatedray. If rayscannotbe tracedin a part of the model
(shadow zone)thena new ray is linearly interpolatedon thewavefront.However, this
is seldomrequired,e.g.,in thecomplex 3D Marmousimodel(seebelow) this option
wasneverused.

Inter polation of ray quantities to gridpoints

In theWORT techniquewe interpolatethetraveltime,theslowness,thetake-off slow-
nessanddetM7��� O to a a discretegrid. The WORT techniquecomputesmulti-valued
traveltimes.To keepmigrationefficient, we storeonly onearrival perKMAH index,
andwe restrict the numberof arrivals by definingthe maximumcomputedKMAH
index asaninputparameter. In ComanandGajewski (2000)wedemonstratedthatthe
estimationof ray quantitiesatgridpointsis very time consuming.To increasecompu-
tationalefficiency in theWORT technique,theinterpolationis doneon a coarsegrid.
Moreover, avoidingDRT, a lessnumberof rayquantitiesneedsto beinterpolated.

Representationof the model

In the WORT techniquethe velocity modelandit' s first derivativesaredefinedon a
discretefinegrid. For theevaluationof velocitiesatarbitrarypoints,weusea trilinear
interpolation,while in the WFC methoda splineinterpolationis used. The trilinear
interpolationis fasterthanthesplineinterpolationandfor a smoothmodeldefinedon
finegrids,thedifferencebetweenthemis verysmall(EttrichandGajewski, 1996).
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Numerical example

We test the WORT methodin a 3D versionof the Marmousimodel. This model is
an extensionof a 2D smoothMarmousimodel into the third dimension. The Mar-
mousimodel(Versteeg andGrau,1990)hasbeenwidely usedasa referencemodel
to validatenew methods.Thevelocity grid is resampledto 12.5m in eachdirection
andthe outputquantitiesareinterpolatedat every fourth gridpoint. Figure2 shows
first-arrival isochronescomputedwith theWORT technique.Thecomputationof first-
arrival traveltimeswith the WORT techniquewasfasterandmoreaccuratethanthe
computationwith Vidale's (Vidale, 1990)finite differenceeikonal solver. The main
reasonfor this (unexpected)result is the fact that in Vidale's methodthe traveltime
needto becomputedonafinegrid, while in theWORT techniqueamorecoarsergrid
canbechosen.
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Figure2: First arrival traveltimesin the3D Marmousimodel.

CONCLUSIONS

We have presenteda methodbasedon KRT which is particularlydesignedfor a fast
computationof 3D traveltimesandmigrationweights.In this method,a wavefront is
propagatedstepwisethroughthe model. Outputquantities(traveltimes,slownesses,
detM7��� O ) areinterpolatedto a coarsegrid in a region betweenthreeadjacentraysand
two consecutivewavefronts.

To maintainan accuraterepresentationof the wavefront, we generatenew rays
directly at thesourcepoint. The following featuresof theWORT techniqueincrease
thecomputationalefficiency: First,weuseonly KRT (avoid DRT). Second,we define
thevelocitymodelandit' sfirstderivativeonafinegridandusetrilinearinterpolationto
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determinemodelparametersatarbitrarypoints,andthird, wecomputeandinterpolate
to a coarsegrid only the quantitieswhich are neededfor true amplitudemigration
(traveltime,slownessanddetM7��� O ). Thefirst-arrival traveltimecomputationwith the
WORT techniqueis evenfasterthanVidale's (Vidale,1990)finite differenceeikonal
solver.

The WORT techniquecan be usedfor 3D true-amplitudemigration of seismic
wavesfor datain commonshot/ receivergathers.
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