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First arri val traveltimesand amplitudesby FD solution
of eikonal and transport equation
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ABSTRACT

This paper describesthe developmentand the implementationof a combinedfirst-
arrival traveltimeandamplitudecomputationprocedure. Theschemesdescribedhere
are basedon a finite differencesolution of the eikonal equationand the transport
equation. After formulationof both equationsas hyperbolicconservationlaws the
eikonalequationis solvednumericallybya third-orderENO-Godunov schemefor the
traveltimesandthetransportequationis solvedbya first-orderupwindschemefor the
amplitudes.Theschemesare implementedin cartesiancoordinatesfor a planewave
andin polar coordinatesfor a pointsource, respectively. Theresultingtraveltimesare
highly accurate and amplitudesare smoothevenin the caseof complex models,for
instancetheMarmousimodel.

INTRODUCTION

First-arrival traveltimesarestill apopularandwidely usedtool for prestackKirchhoff
migrationandtomographicapplications.A varietyof methodshave beendeveloped
to solve theeikonalequationin orderto efficiently obtainthesetraveltimes. (Vidale,
1988,1990)hasbeenoneof the first to approximatethe eikonal equationby finite
differencesandto solve it alongexpandingrectanglesaroundthesource.Thismethod
is veryefficientandcanbecodedeasilybut it mayfail to computethecorrectsolution
for certainmodels. (PodvinandLecomte,1991)useda similar FD approximation,
which incorporatesheadwavesanddiffractedwaves. Due to its specificimplemen-
tation this methodis unconditionallystablebut lessefficient thanVidale's scheme.
Anotherwayof obtainingfirst arrivalsarethesocalled'shortestpath' methodswhich
aremainly basedon geometricconsiderations(Moser,1991;Klimes andKvasnicka,
1994). Themostinterestingalternative in termsof thepaperpresentedherehasbeen
publishedby (van Trier and Symes,1991) for 2-D and (Schneider, 1995) for 3-D
models.In this casetheeikonalequationis formulatedasa hypberbolicconservation
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law (HCL) and is solved numericallyby the correspondingschemes. One of the
mostrecentpaperswhichusestheHCL-approachhasbeenpublishedby (Sethianand
Popovici, 1999). They treatthe eikonal equationasa generalizedlevel-setequation
andsolve it numericallyby a fastmarchingprocedure.At presentthis variantseems
to be the most efficient way of obtaining first-arrival traveltimes in 3-D. A good
overview anda comparisonbetweendifferenteikonalsolverscoveringtheperiodup
to 1998canbefoundin (Leidenfrostetal.,1999).

All themethodsmentionedabovearemoreor lessbasedonthenumericalsolution
of theeikonalequation.Therelationof theresultingfirst-arrival traveltimeswith the
respective amplitudesis non-trivial andhasbeensubjectof only a few investigations.
(Vidale andHouston,1990)tried to estimategeometricalspreadingfactorswith the
help of additionaltraveltimecomputationsfor sourcessurroundingthe actualsource
location.Theresultingerrorsarelargeandcouldonly bereducedsomewhatby anim-
provedschemepublishedlater(Pusey andVidale,1991).Thefirst seriousattemptwas
madeby (El-Mageed,1996)who followed the HCL-approachandsolved the trans-
portequationfor theamplitudesin additionto theeikonalequationfor thetraveltimes.
For thenumericalcalculationsheusedsecondorderschemesfor bothequations,how-
ever, theresultingamplitudeswereof zerothorderbecausethey dependon thesecond
traveltimederivatives.Themethodpresentedhereis mainly basedon thework of El-
Mageedandextendsaswell asimprovesit by usingalternative schemesresultingin
highly accuratetraveltimesandreliableamplitudes.

BASICS

In this chaptertheeikonalandtransportequationareintroducedby startingfrom the
equationof motionandconsideringacousticwavespropagatingin a 2-D inhomoge-
neousisotropic medium. Then a high frequency approximationyields the eikonal
equation

Ï2Ð÷öÐ÷ø Óhùûú Ï¹Ð÷öÐ�ü ÓÆù¦ýdþ ù þÿý Ü� (1)

andthetransportequation

Ð �Ð÷ø Ð÷öÐ'ø ú Ð �Ð�ü Ð'öÐ�ü ú ÜÝ �� Ð���� Ò�Ð÷ø Ð÷öÐ÷ø ú Ð���� Ò�Ð�ü Ð÷öÐ�ü ú Ð ù öÐ÷ø ù ú Ð ù öÐ�ü ù
	
 ý Þ è (2)

ø and ü arethe independentspatialvariables,� is the densityand � is the com-
pressionwave velocity. The inversevelocity is calledslownessþ . ö standsfor the
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traveltimeand
�

standsfor thelogarithmicamplitudeÙ� ý ��� Ù è (3)

For a givendensityandvelocity function thegeneralprocedurewould be to first
solve the eikonal equationfor the traveltimes ö and thenusethesetraveltimesand
solve thetransportequationfor thelogarithmicamplitude

�
(or theamplitudeÙ ).

METHOD

In thischaptertheprocedureusedto solvetheeikonalandthetransportequationis de-
scribed.Thispartof thepapercanonly beregardedasasummary, for anintroduction
into hyperbolicconservation laws see(LeVeque,1992)andfor a detaileddescription
of themethodusedheresee(Buske,2000).

Eikonal equation

Thefirst stepis to introduceasanew variable thehorizontalslownessandto rewrite
theeikonalequation � � ü ú ����� ��� ø ý Þ �� � ö� ø (4)

Thisequationhastheform of ahyperbolicconservationlaw with thesocalledflux
function

� ��� �� ý���� þ ù �  ù è (5)

Thesecondstepis to solvethisequationfor thetraveltimefunction ö . Weassume
a wave startingat ü ý Þ

andpropagatingin positive ü -direction. In this casefor the
numericalsolutionit is moreconvenientto write theeikonalequationin theform� ö� ü ý�� ��� �� (6)

with thetraveltimegivenat ü ý Þö � ø��Qü ý Þ � ý ö�� � ø � è (7)
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ö�� � ø � describestheshapeof thewavefront at ü ý Þ , aplanewavewouldbesimplyö�� � ø � ý Þ . Introducingthefinite differencenotationfor a cartesiangrid with indices ø and
 ü andtheconstantgrid intervals ! ø and ! ü

ø ý �  ø � Ü ��! ø  ø ý Ü � è è è �#"�ø ü ý �  ü � Ü ��! ü  ü ý Ü � è è è �#"¡ü (8)

andreplacingthederivativeof ö with respectto ü by a simplefirst-orderforward
differenceoperatoryields

ö�$&%(' $*),+�- ý ö�$&%(' $*) � ! ü ��� �� è (9)

This form allows in principlethesuccessivecomputationof traveltimesfrom level�  ü � to
�  ü ú Ü � for all grid pointsin the model. As pseudo-codethis would look as

follows:

1. initialiseplanewave
do
 ø ý Ü �#"�øö�$&%('.- ý Þenddo

2. extrapolateforward
do
 ü ý Ü �#"¹ü � Üdo

 ø ý Ü �#"�ø/ compute (derivative of T with respectto ø ) from known traveltimesat
level

 ü by (for instance)acentraldifferenceoperator/ computeflux function��� �� ý��10 þ ù$&%(' $*) �  ù/ computenew traveltimeat level
 ü ú Üö�$&%(' $*),+�- ý ö�$&%(' $*) � ! ü ��� ��

enddo
enddo

Unfortunately, this simpleapproachfails. For instancekinks in thewavefrontwill
introduceunstableoscillationsif a centraldifferenceoperatoris usedto computethe
valueof  . Thisproblemitself is well known in theliteratureonthenumericalsolution
of hyperbolicconservation laws. Fortunately, a variety of numericalmethodshave
beendevelopedwhichavoid thisproblem.Themainideais to useone-sideddifference
operatorsfor thecomputationof  andthento decidewhich is thecorrectonein terms
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of thepropagationdirectionof thewave. For a detaileddiscussionof this subjectsee
(Buske,2000).Here,only resultof thisapproachis presented.

First,computeleft-sidedandright-sideddifferencesof third order( 32 ý5476 ' 8% and:9 ý;4 +�' 8% ) with the ENO-scheme(OsherandShu,1991). Then,usethe Godunov
methodto decidewhichof thetwo differencesgivesthecorrectsolutionandcompute
theflux functionfor theselectedvalueof �=<:>3?@� �2 � 39A� ý BDCFE �HGJILK GNM ' GNOQP ��� �� for 32�RS:9CUTWV GJILK GXO ' GNMYP ��� �� for 32�ZD:9\[ è (10)

TheGodunov schemeis simply a selectioncriterionwhich choosesthe left-sided
differenceif the wave propagatesfrom the left to the right andvice versa(for more
complex casessee(Buske,2000)).Fromthenumericalpoint of view thefollowing is
aslightly moreconvenientform:�F<:>3?]� 32 � :9^� ý ��� maxmod

� C_T`V � 32 � Þ � � CUE � � 39 � Þ �a�b� � (11)

maxmod
� î �Ac � ý B î for d î deZfd c dc else [ è (12)

Finally, replacethe simple first-orderforward differencefor the ü derivative ofö by theRunge-Kutta-typeformulasof Heun(BronsteinandSemendjajew, 1987)in
orderto build aconsistentthird-orderschemein ø -directionaswell asin ü -directiong - � � ! ü �=<:>3?ih 4 6 ' 8% ö�$&%(' $*)j� 4 +�' 8% ö�$&%(' $*)Ak with þ ù � ø��Qü � (13)g ù � � ! ü �=<:>3? h 4 6 ' 8% � ö�$l%(' $*) ú g - � � 4 +�' 8% � ö�$&%(' $*) ú g - � k with þ ù � ø��Qü ú ! ü � (14)g 8 � � ! ü �=<:>3?nm 4 6 ' 8% � ö�$&%(' $*) ú Üo � g - ú g ù �b� � 4 +�' 8% � ö�$&%(' $&) ú Üo � g - ú g ù �a�qp (15)

with þ ù � ø��Qü ú ! üÝ �
ö�$&%(' $*),+�- ý ö�$&%(' $*) ú Üä g - ú Üä g ù ú

Ýr g 8 è (16)

Note that in principle no changeshave to be madeto the pseudo-codedescribed
above.

The proceduredescribedhereis an explicit finite differenceschemeandfor that
reasona stability conditionapplies,which in this caseconnectsthestep-size! ü with
thegrid interval ! ø andthederivativesof thetraveltimefunction
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! üFsfttttt ! ø�u#vu )u#vu % ttttt è (17)

Transport equation

For thetransportequation(right sideabbreviatedby variableî )� �� ø � ö� ø ú � �� ü � ö� ü ýw� ÜÝ �� � ��� -�� ø � ö� ø ú � ��� -�� ü � ö� ü ú � ù ö� ø ù ú
� ù ö� ü ù

	
 � � î (18)

things are similar. Now, the new variable  refersto the derivative of the log-
arithmic amplitude

�
with respectto ø andthe transportequationin the form of a

hypberbolicconservationlaw reads� � ü ú �3xU� ��� ø ý Þ �� � �� ø (19)

with theflux function xU� �� ýzy � ö� ü|{ 6 - y î ú � ö� ø  { è (20)

The correspondingequationswhich allow the successive numericalcomputation
on thegrid are � �� ü ý�� xU� �� (21)

with for instanceaconstantamplitudeat ü ý Þ� � ø��Eü ý Þ � ý Þ è (22)

In thecaseof thetransportequationa first-orderschemefor the forwardextrapo-
lation aswell asthecomputationof thederivativesof

�
with respectto ø is sufficient

andreads � $l%(' $*),+�- ý � $&%(' $*) � ! ü x~}��3��� 32 � :9A� � (23)
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wheretheflux functionis computedusingasimpleupwindscheme

x~}��3�7� 32 � :9A� ý�y � ö� ü { 6 - y î ú CUTWV y � ö� ø � Þ { 32 ú CUE � y � ö� ø � Þ { :9 { è (24)

This upwindschemebehavesin thesamewayastheGodunov schemesuchthatit
choosesthecorrectdifferenceoperatordependingon thepropagationdirectionof the
wave. Theprocedureitself is equivalentto thecomputationof thetraveltimesandcan
actuallybecombined;for detailssee(Buske,2000),too.

Remarks

Here,the methodhasbeenformulatedfor a cartesiangrid anda planewave starting
at ü ý Þ

andpropagatingin positive ü -direction. For a point sourcethe formulation
andimplementationis straightforwardandcanbe found in (Buske, 2000). Polarco-
ordinatescenteredat the sourceareusedand the cartesiancoordinatesø and ü are
replacedby theangle � andtheradius� . Thecomputationproceedsoncirclesaround
thesourcelocationin positive � -direction.If necessarya final interpolationto acarte-
siangrid is performedin orderto usethe traveltimesandamplitudesfor instancein
Kirchhoff prestackmigration.

APPLICATION TO MARMOUSI MODEL

The methodhasbeentestedon variousanalyticmodelsand hasproven to perform
veryefficiently andto yield highly accuratetraveltimesandreliableamplitudes.Here,
the applicationto a slightly smoothedversionof the well known and widely used
Marmousimodel(Versteeg andGrau,1991)is presented.

Computationswereperformedfor a point sourceat ( ø ý ä
km, ü ý Þ

km) and
theparametersfor thepolardiscretizationwere !7� ý å m and !�� ý���� ÝãÞ(Þ . Figure1
showstheresultsasgrey-scaledamplitudesandtraveltimeisochrons.As expectedam-
plitudesarehighnearthesourceanddecreasewith increasingdistancefrom thesource
accordingto geometricalspreading.In regionswherethewave focusesandthewave
front curvatureis high amplitudesincreaseaswell. Figure2 againshows the travel-
time isochronsbut now overlayedby thosecomputedwith a wave front construction
code(Buske andKästner,1999). Theagreementis very goodevenat largedistances
from thesourceandin regionswherewavefrontkinks exist. Finally, Figure3 shows
thecomparisonof theamplitudeswith geometricalspreadingfactorscomputedby an
alternativemethodwhich is basedontheraypropagator(Gajewski,1998;Kästnerand
Buske, 1999). Thegeneralamplitudedistribution is similar to theFD solutionof the
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transportequation. Nevertheless,the resultof the ray-propagator-methodis noisier
andis superimposedby distortionsat isolatedgridpoints.
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Figure1: Traveltimesandamplitudesfor theMarmousimodelcomputedwith theFD
solutionof theeikonalandthetransportequation.Thedistancebetweenisochronsis
0.075seconds.
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Figure2: Traveltimesfor the Marmousimodelcomputedwith the finite difference
solutionof theeikonalequationanda wave front constructionprogram.Thedistance
betweenisochronsis 0.05seconds.
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Figure3: Inversespreadingvaluesfor the Marmousimodelcomputedwith the ray-
propagator-method.

CONCLUSION

A combinedfirst-arrival traveltime and amplitudecomputationprocedurehasbeen
presented.Themethodis basedontheformulationof theequationsashyperboliccon-
servationlawsandthenumericalsolutionwith finite differences.Theeikonalequation
is solvedby a third-orderENO-Godunov schemefor thetraveltimesandthetransport
equationis solvedby a first-orderupwind schemefor the amplitudes.The schemes
are implementedin cartesiancoordinatesfor a planewave andin polar coordinates
for a point source,respectively. The applicationto the Marmousimodelshows that
even in the caseof sucha complex model the methodproposedhereyields highly
accuratetraveltimesandreliableandsmoothamplitudes.The formulationin 3-D is
straightforward.
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