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First arri val traveltimesand amplitudes by FD solution
of eikonal and transport equation
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ABSTRACT

This paper describesthe developmentand the implementatiorof a combinedfirst-
arrival traveltimeandamplitudecomputatiorprocedue. Theschemeslescribedchere
are basedon a finite differencesolution of the eikonal equationand the transport
equation. After formulation of both equationsas hyperbolicconservationaws the
eikonal equationis solvednumericallyby a third-order ENO-Godune schemefor the
traveltimesandthetransportequationis solvedby a first-order upwindschemefor the
amplitudes.Theschemesare implementedn cartesiancoodinatesfor a planewave
andin polar coordinatesfor a pointsource, respectivelyTheresultingtraveltimesare
highly accurate and amplitudesare smoothevenin the caseof comple models,for
instancethe Marmousimodel.

INTRODUCTION

First-arrval traveltimesarestill a popularandwidely usedtool for prestack<irchhoff
migrationandtomographicapplications.A variety of methodshave beendeveloped
to solve the eikonal equationin orderto efficiently obtainthesetraveltimes. (Vidale,
1988, 1990) hasbeenone of the first to approximatethe eikonal equationby finite
differencesndto solveit alongexpandingrectanglesroundthe source.This method
is very efficientandcanbe codedeasilybut it mayfail to computethe correctsolution
for certainmodels. (Podvinand Lecomte,1991) useda similar FD approximation,
which incorporatedheadwaves anddiffractedwaves. Dueto its specificimplemen-
tation this methodis unconditionallystablebut lessefficient than Vidale's scheme.
Anotherway of obtainingfirst arrivalsarethe socalled'shortespath’ methodswvhich
aremainly basedon geometricconsiderationgMoser,1991; KlimeslandKvasnika,
1994). The mostinterestingalternatve in termsof the paperpresentedherehasbeen
publishedby (van Trier and Symes,1991) for 2-D and (Schneider1995) for 3-D
models.In this casethe eikonal equationis formulatedasa hypberbolicconseration
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law (HCL) andis solved numerically by the correspondingschemes. One of the

mostrecentpapersvhich useshe HCL-approachasbeenpublishedby (Sethianand

Popuwici, 1999). They treatthe eikonal equationas a generalizedevel-setequation
andsolve it numericallyby a fastmarchingprocedure At presenthis variantseems
to be the most efficient way of obtainingfirst-arrival traveltimesin 3-D. A good

overview anda comparisorbetweendifferenteikonal solverscoveringthe periodup

to 1998canbefoundin (Leidenfrostetal., 1999).

All themethodanentionecabore aremoreor lessbasednthenumericalsolution
of the eikonalequation.Therelationof the resultingfirst-arrival traveltimeswith the
respectre amplitudeds non-trivial andhasbeensubjectof only afew investigations.
(Vidale and Houston,1990) tried to estimategeometricalspreadingactorswith the
help of additionaltraveltime computationgor sourcessurroundingthe actualsource
location. Theresultingerrorsarelargeandcouldonly bereducedsomevhatby anim-
provedschemeublishedater(Pusg andVidale,1991). Thefirst seriousattemptwas
madeby (ElI-Mageed,1996) who followed the HCL-approachand solved the trans-
portequatiorfor theamplitudesn additionto theeikonalequatiorfor thetraveltimes.
For thenumericalcalculationsheusedsecondrderschemesor bothequationshow-
ever, theresultingamplitudesvereof zerothorderbecaus¢hey depencdnthesecond
traveltime derivatives. The methodpresentedhereis mainly basedon the work of El-
Mageedandextendsaswell asimprovesit by usingalternatve schemesesultingin
highly accurateraveltimesandreliableamplitudes.

BASICS

In this chapterthe eikonalandtransportequationareintroducedby startingfrom the
equationof motion and consideringacousticwaves propagatingn a 2-D inhomoge-
neousisotropic medium. Thena high frequeng approximationyields the eikonal

equation
or\> [(or\> , 1
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andthetransporiequation
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x andz arethe independenspatialvariables,p is the densityand a: is the com-
pressionwave velocity. The inversevelocity is calledslownesss. T standsfor the
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traveltimeand B standdor thelogarithmicamplitudeA

B=1nA. 3)

For a givendensityandvelocity function the generalproceduravould be to first
solve the eikonal equationfor the traveltimesT andthenusethesetraveltimesand
solve thetransportequatiornfor thelogarithmicamplitudeB (or theamplitudeA).

METHOD

In thischaptethe procedurausedto solve theeikonalandthetransporequations de-
scribed.This partof the papercanonly beregardedasa summaryfor anintroduction
into hyperbolicconserationlaws see(LeVeque,1992)andfor a detaileddescription
of themethodusedheresee(Buske, 2000).

Eikonal equation

Thefirst stepis to introduceasa new variableu the horizontalslovnessandto rewrite
theeikonalequation

Ou OH(u) _oT
%4_ ox =0 “:ax )

This equatiorhastheform of ahyperbolicconserationlaw with thesocalledflux
function H

H(u)=—-Vvs?—u? . (5)

Thesecondstepis to solve this equationfor thetraveltimefunction7. We assume
awave startingat z = 0 andpropagatingn positive z-direction. In this casefor the
numericalsolutionit is morecornvenientto write the eikonalequationn theform

oT

5, = —Hw ©)

with thetraveltimegivenatz = 0

T(x,z=0)=Ty(z). (7)
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To(z) describesheshapeof thewavefrontatz = 0, aplanewave would besimply
To(z) = 0. Introducingthe finite differencenotationfor a cartesiargrid with indices
1z andiz andthe constangrid intenals Ax andAz

z=(iz—1)Ax ir=1,..,nx z=(iz—1) Az iz=1,..,nz (8)

andreplacingthe deriative of 7" with respecto z by a simplefirst-orderforward
differenceoperatotyields

ﬂz,iz—l—l = Ez,iz - AZH(U) . (9)
Thisform allowsin principlethe successie computatiorof traveltimesfrom level

(iz) to (iz + 1) for all grid pointsin the model. As pseudo-cod¢his would look as
follows:

1. initialise planewave

doix = 1,nx
T%ac,l =0
enddo

2. extrapolateforward
doiz=1,nz—1
doiz = 1,nzx

e computeu (derivative of T with respectto =) from known traveltimesat
level iz by (for instance) centraldifferenceoperator

e computeflux function
H(u) = —\/8pi. — v

e computenew traveltimeatlevel iz + 1
Tix,iz—l—l = szz - AZH(U)

enddo
enddo

Unfortunatelythis simpleapproacHails. For instancekinks in the wavefrontwill
introduceunstableoscillationsif a centraldifferenceoperatoris usedto computethe
valueof u. This problemitselfis well known in theliteratureonthenumericalsolution
of hyperbolicconseration laws. Fortunately a variety of numericalmethodshave
beendevelopedwhichavoid thisproblem.Themainideais to useone-sidedlifference
operatorgor thecomputatiorof v andthento decidewhichis thecorrectonein terms
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of the propagatiordirectionof thewave. For a detaileddiscussiorof this subjectsee
(Buske, 2000).Here,only resultof this approachs presented.

First, computeleft-sidedandright-sideddifferencef third order(u; = D, and
u, = DJ}*) with the ENO-schemd&Osherand Shu,1991). Then, usethe Godunw
methodto decidewhich of thetwo differencegivesthe correctsolutionandcompute
theflux functionfor theselectedralueof «

(10)

minu ug U H(u for u < U,
HGOD(Ul,u,«) = { €[ur,ur] ( ) 1 < }

MaXyefu,,u) H(u) for w > u,

The Godunw schemas simply a selectioncriterionwhich chooseghe left-sided
differenceif the wave propagatesrom the left to the right andvice versa(for more
comple casesee(Buske, 2000)). Fromthe numericalpoint of view thefollowing is
aslightly morecorvenientform:

Hgop(ug, u,) = H(maxmodmax(u;, 0), min(u,., 0))), (11)

(12)

maxmoda, b) = { a for al > b }

b else

Finally, replacethe simple first-orderforward differencefor the z deriative of
T by the Runge-HKitta-typeformulasof Heun(Bronsteinand Semendjaj&, 1987)in
orderto build a consistenthird-orderschemen z-directionaswell asin z-direction

kl = _AZHGOD (Dx_’?’T;w,iz: D;,sﬂz,iz) with SQ(xa Z) (13)
ky = —AzHgop (Dy* (Tiaiz + k1), D (Tigiz + k1)) With  s%(z, 24 Az2) (14)

1 1
k3 = _AZHGOD (D;’?’(Em,iz + Z(kl + kZ))a D:’3(ﬂm,iz + Z(kl + kQ))) (15)
_ A
with  s%(z, 2z + Tz)

1 1 2
Emiz :Em‘zz = = —K3. 16
izl gz T 6/€1 + 6/€2+ 3k3 (16)

Note thatin principle no changesave to be madeto the pseudo-codelescribed
above.

The proceduredescribedhereis an explicit finite differenceschemeandfor that
reasora stability conditionapplies,whichin this caseconnectghe step-size/\ z with
thegrid intenal Az andthe dervativesof thetraveltimefunction
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aT
ANz < A:vg—f, a7
ox
Transport equation
For thetransportequation(right sideabbreiatedby variablea)
a_Ba_T_i_a_Ba_T—_l alnia_T aln%a_T+82_T+82_T =—q (18)
ox dx 0z 0z 2| 0z Oz 0z 0z 0x2  022|

things are similar. Now, the new variablew refersto the derivative of the log-
arithmic amplitude B with respectto x andthe transportequationin the form of a
hypberbolicconserationlaw reads

ou  0G(u) __ OB
with theflux function
or\ ! oT
G(u) = <£> (a + £u> : (20)

The correspondingequationswhich allow the successie numericalcomputation
onthegrid are

0B

5, = G (21)

with for instancea constanamplitudeat z = 0

B(z,z=10)=0. (22)

In the caseof the transportequationa first-orderschemeor the forward extrapo-
lation aswell asthe computatiorof the derivativesof B with respecto z is sufficient
andreads

Biw,iz—|—1 = Bix,iz — AzGypw (Ul, Ur) ) (23)
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wheretheflux functionis computedusinga simpleupwindscheme

or\ ™' or or
GUpw(Ul, UT) = <£> <a + max (%’ 0) u; + min (%, 0) UT> . (24)

This upwindschemebehaesin the sameway asthe Godunw schemesuchthatit
chooseghe correctdifferenceoperatordependingon the propagatiordirectionof the
wave. Theproceduratself is equivalentto the computatiorof thetraveltimesandcan
actuallybe combinedjfor detailssee(Buske, 2000),too.

Remarks

Here,the methodhasbeenformulatedfor a cartesiargrid anda planewave starting
at z = 0 andpropagatingn positive z-direction. For a point sourcethe formulation
andimplementations straightforvard andcanbe foundin (Buske, 2000). Polarco-
ordinatescenteredat the sourceare usedand the cartesiancoordinates: and z are
replacedoy theangley andtheradiusr. Thecomputatiorproceed®n circlesaround
thesourceocationin positive r-direction. If necessargfinal interpolationto a carte-
siangrid is performedin orderto usethe traveltimesand amplitudesfor instancein
Kirchhoff prestackmigration.

APPLICATION TO MARMOUSI MODEL

The methodhasbeentestedon variousanalytic modelsand hasprovento perform
very efficiently andto yield highly accuratdraveltimesandreliableamplitudesHere,
the applicationto a slightly smoothedversionof the well knowvn and widely used
Marmousimodel(Versteg andGrau,1991)is presented.

Computationsvere performedfor a point sourceat (r = 6 km, z = 0 km) and
the parametersor thepolardiscretizatiorwere Ar = 5mand Ay = 7/200. Figurel
shawstheresultsasgrey-scaledamplitudesandtraveltimeisochrons As expectedam-
plitudesarehighnearthesourceanddecreaswvith increasinglistancdrom thesource
accordingto geometricakpreadingIn regionswherethe wave focusesandthe wave
front curvatureis high amplitudesncreaseaswell. Figure2 againshaws the travel-
time isochronsbut now overlayedby thosecomputedwith a wave front construction
code(Buske andKastner,1999). The agreemenits very goodevenat large distances
from the sourceandin regionswherewavefrontkinks exist. Finally, Figure3 showvs
the comparisorof theamplitudeswith geometricakpreadingactorscomputedby an
alternatve methodwhichis basedntheray propagato{Gajenski, 1998;Kastnerand
Buske, 1999). The generalamplitudedistribution is similar to the FD solutionof the
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transportequation. Neverthelessthe resultof the ray-propagatemethodis noisier
andis superimposety distortionsatisolatedgridpoints.
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Figurel: Traveltimesandamplitudedor the Marmousimodelcomputedwith the FD

solutionof the eikonalandthe transportequation.The distancebetweensochronss
0.075seconds.
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Figure 2: Traveltimesfor the Marmousimodel computedwith the finite difference
solutionof the eikonal equationanda wave front constructiorprogram.The distance
betweerisochrongs 0.05seconds.



257

1/spreading [1/m]

500

1000

z [m]

1500

2000

2500

3000 4000 5000 6000 7000 8000 9000
x[m]

Figure 3: Inversespreadingvaluesfor the Marmousimodelcomputedwith the ray-
propagatoimethod.

CONCLUSION

A combinedfirst-arrival traveltime and amplitudecomputationprocedurehasbeen
presentedThemethodis basedntheformulationof theequationsashyperboliccon-
senationlaws andthe numericakolutionwith finite differencesTheeikonalequation
is solvedby athird-orderENO-Godune schemdor thetraveltimesandthetransport
equationis solved by a first-orderupwind schemefor the amplitudes. The schemes
areimplementedn cartesiancoordinatedor a planewave andin polar coordinates
for a point source respectrely. The applicationto the Marmousimodelshaws that
even in the caseof sucha comple«c modelthe methodproposedhereyields highly
accurateraveltimesandreliable and smoothamplitudes. The formulationin 3-D is
straightforvard.
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