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ABSTRACT

In conventionalprocessing, theclassicalalgorithmof Hubral andKrey is routinelyap-
plied to extractan initial macrovelocitymodelthatconsistsof a stack of homogeneous
layersboundedbycurvedinterfaces.Input for thealgorithmare identifiedprimaryre-
flectionstogetherwith NMO velocitiesderivedfroma previousvelocityanalysiscon-
ductedon CMP data. Thiswork presentsa modifiedversionof theHubral andKrey
algorithmthat is adaptedto advantegeouslyusepreviouslyobtainedCRSattributesas
its input. Somesimplesyntheticexamplesare providedto illustrateand explain the
implementationof themethod.

INTRODUCTION

TheCRSmethod(Birgin etal.,1999)is arecenttechniquethatis becominganalterna-
tive to theconventionalseismicprocess,presentingpromisingresultsconcerningthe
generationof simulatedzero-offsetsections.TheCRSparametersgive, in additionto
abetterstacking,moreinformation.In fact,this informationcanbeappliedto produce
a morereliablevelocity modelthatcanbeusedfor further imagingpurposessuchas
depthmigration.

This is whatourwork intendsto do. Whatwewill show onthisarticleis that,once
we have alreadymadean effort to estimatethe CRSparametersto constructa clean
simulatedzero-offset section,we shall immediatelybe in the positionof inverting a
macro-velocitymodel.

Hyperbolic Traveltime and CRS parameters. The hyperbolictraveltime expres-
sionrelatesthetraveltimeof two rays.Oneof themis takenasa referenceray andis
calledcentralray. Whenthiscentralray is takenasa normalray at ù®ó (seeFigure1),
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ÿ��
and
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arethehorizontalcoordinateof thesourceandreceiver pair
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near ù®ó , � ó is thezero-offset traveltimeand ò�ó is theangleof emergenceat thezero-
offsetraywith respectto thesurfacenormalatthecentralpoint ù®ó . Thequantities

� õ
and

� õ�ö	÷ are the wavefront curvaturesof the N-wave and the NIP-wave (Hubral,
1983),respectively, measuredat the centralpoint ù®ó . The traveltimeformulaabove
is on the kernelof the CRSmethod.Therefore,thosethreeparameters,ò�ó , � õ and� õ3ö	÷ arecalledCRSparameters.

Figure1: CRSParametersfor anormal
centralray ù®ó'&)(+*Îù®ó : theemergence
angleò�ó andtheNIP-andN-wavefront
curvatures. , is the reflector, ù®ó is
thecentralpointcoordinate,and

"
and$ arethesourceandreceiverpositions

for aparaxialray, reflectingat ô . -
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THE HUBRAL AND KREY ALGORITHM

Our inversionmethodis basedon thewell establishedalgorithmproposedin Hubral
andKrey, 1980.Thevelocitymodelto beinvertedfrom thedatais assumedto consist
of a stackof homogeneouslayersboundedby smoothlycurved interfaces. The un-
knownsarethevelocityin eachlayerandtheshapeof eachinterface.Theseunknowns
areiteratively obtainedfrom top to bottomby meansof a layerstrippingprocess.

The main idea of the algorithm is to backpropagatethe NIP-wave down to the
NIP locatedat thebottominterfaceof thelayerto bedetermined(seeFigure2). This
meansthat the velocitiesandthe reflectorsabove the layerunderconsiderationhave
alreadybeendetermined.SincetheNIP-wave is dueto a point sourceat theNIP, the
backpropagationthroughthis lastlayergivesusa focusingconditionfor theunknown
layervelocity.
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Figure2: NIP-wavefrontassociatedto thecentralzero-offsetray QSRUT'V7WXQSR , in red.

To well describethewavefrontcurvaturealonga ray paththatpropagatesthrough
the layeredmedium,we shouldconsidertwo distinct situations:(a) the propagation
occursinsideahomogeneouslayerand(b) transmissionoccursacrossaninterface.

Figure3 depictsaraythattraversesthehomogeneousY -th layer(of velocity �NZ ) be-
ing transmitted(refracted)at theinterfaceY[	]\ . Let usdenoteby ô_^a` Z thewavefront
radiusof curvatureat theinitial pointof theray (thatis, justbelow the Y -th interface).
Thewavefrontradiusof curvature,ô�öb` Z�c5d , just beforetransmission,satisfiestherela-
tionship

ô-ö%` Z�c5d ø±ô)^e` Z 	 �NZgf � Z � (1)
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Figure3: Raypropagationthroughlayer Y .
wheref � Z is thetraveltimeof therayinsidethelayer. Wenow considerthechange

in wavefrontcurvaturedueto transmissionat theinterface.As shown in, e.g.,Hubral
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andKrey, 1980,wehave\ô)^e` Z�c5d ø �NZ�c5d �N� 
 ý�� Z��Z ��� 
 ý ò Z�c5d \ô�öb` Z�c5d 	 \��� 
 ý ò Z�c5d � �NZ�c5d�NZ �N� 
 � Z  ��� 
 ò Z�c5d � \ôU��` Z�c5d�� (2)

Here,
� Z and ò Z�c5d are the incidentand transmissionanglesof the ray, respectively

and ôU��` Z is theinterfaceradiusof curvature,all thesequantitiesbeingmeasuredat the
transmissionpoint. Observe thatSnell's law,
���� � Z��Z ø 
���� ò Z�c5d�NZ�c5d � (3)

is valid. Assumenow thattheNIP is locatedat the
þ�� 	�\ � -th interface.This leadsto

thefocusingconditions

ô�öb` õ c5d ø]�Iø�ô)^e` õ�	 � õ f � õ � ��� f � õ ø � ó  ��� õS� d�Z��5d f � Z%�� � (4)

that determinethe velocity � õ . Here, ô�öb` õ c5d ø�� is the radiusof curvatureof the
wavefrontat theNIP (it startsasapointsource)and ô_^a` õ is theradiusof curvatureof
thewavefrontafter transmissionacrossthe interface

�
. Note that ô)^e` õ , asgivenby

settingYÍø �  \ in equation(2), hasanimplicit dependenceon � õ and ò�õ . This is
because 
���� ò�õ ø 
���� � õ�� d� õ�� d � õ � (5)

by Snell's law. Once � õ and ò�õ aredetermined,the segmentof the zero-offset ray
insidethe

�
-th layercanbeconstructed.Thesought-forNIP locationis thensuchthat

its distanceto thattransmissionpoint is � õ f � õ .

Summary of the Hubral and Kr eyalgorithm

It is instructive to discussthe key ideasinvolved in the preceedingstrategy. Firstly,
we will presentthemainstepsof thealgorithm.Then,we will make somecomments
abouttheimplementationof thevarioussteps.

Themethodaimsto extracta modelcomposedby homogeneouslayersseparated
by smoothlycurved reflectors,correspondingto the well identifiedinterfaceswithin
thedataonly. Thischoiceis madea priori by theuser.

Determination of the first layer: Theinputdatais, for eachzero-offsetray, thetrav-
eltime

� ó , theemergenceangle ò�ó andthewavefrontcurvature
� õ�ö	÷ . Theve-

locity of the first layer is assumedto be known. Thus,only the reflector(the
bottomof thefirst layer)shouldbedetermined.As explainedbelow, thiscanbe
achievedin many differentways.
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Determination of the Y th-layer: Supposethat the model has beenalreadydeter-
minedupto the

þ Y  \ � th-layer. Themethodwill proceedto thedeterminationof
thenext layer, thatis, thevelocityof the Y th-layerandthe

þ Y�	X\ � th-interface.The
inputdatais again,for eachzerooffsetrayreflectingat theinterface

þ Y�	�\ � , the
traveltime

� ó , theemergenceangleò�ó andthewavefrontcurvature
� õ�ö	÷ . Trace

thezero-offsetray down to the Y -th interface.Recallthatthis ray makesthean-
gle ò�ó with thesurfacenormalat its initial point. Now, usingequations(1) and
(2), back-propagatethe NIP-wave from the surfaceto the Y -th interfacealong
thatray. Now usethefocusingconditions(4) to determinethelayervelocity ��Z ,
theangleò Z andtheNIP.

Theaboveprocedurecan,in principle,bedoneto eachzero-offsetray. However,
underthe constraintthat the layer velocity �NZ is constant,we obtainan over-
determinedsystemfor that unknown. How to dealwith this problemwill be
discussedbelow.

Brief discussionof the algorithm

Wenow discusstheabovealgorithmconcerningits accuracy andimplementation.Our
aimis to identify thoseaspectsthatcanbeimprovedupontheintroductionof theCRS
methodology.  Thequantitiesneededby themethod(emergenceangles,normaltraveltimesand

NIP-wave radii of curvature)arenot directly available,but have to beextracted
from thedata.In thedescriptionin HubralandKrey, 1980,thesequantitiesare
obtainedby conventionalprocessingonCMPdata.  Note that the main idea of the method, the back-propagationof the NIP-
wavefront, is carriedout independentlyfor eachray. Thus, in principle, each
ray carriesenoughinformationto recover the layer velocity, that canbe trans-
latedinto many equationsdependingon the sameunknown. Sincewe areas-
suminghomogeneouslayers,this impliesanover-determinationof thevelocity.
Of course,this questionwasfacedon the original algorithm,but the method-
ology appliedis not statedin the text. Hubral andKrey have pointedout that
this “excess”of informationcouldbeusedto improve thevelocity distribution
considered,for example,assuminga linearvelocityvariation.  Note that the law of transmissionfor the wavefront curvaturesdependson the
curvatureof the interface( ôU� ) at the transmissionpoint, aswe canseeon for-
mula(2). HubralandKrey statethatthiscanbeobtainedby anormalraymigra-
tion.
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  As statedin HubralandKrey, 1980,after thedeterminationof thevelocity, the
locationof eachNIP canbeobtainedby down propagatingthelastraysegment.
Sinceeachrayhits theinterfacenormaly, thelocaldip canalsobedetermined.

In the next sectionwe will show, with the help of the CRSattributes,that most
of the difficulties addressedabove canbe solved. In this way, a moreaccurateand
efficientversionof thealgorithmcanbeobtainedand,moreover, preservingits elegant
structure.

THE REVISED HUBRAL AND KREY ALGORITHM

In this sectionwe discusshow to usetheCRSparametersto fully supplytheneedsof
theHubralandKrey algorithm,andhow to dealwith thenumericalaspectsinvolved
in. Then,wepresenta revisedversionof theoriginalalgorithm.

The obvious advantageof having the CRSparametersis that emergenceangles
andNIP-wavefrontcurvatureshave beenalreadydetermined.Thus,neithera velocity
analysisnor a traveltimegradientestimationarerequiredto obtainthe input datafor
the inversionprocess.Moreover, with thehelpof thewell-definedcoherencesection
providedby theCRSmethod,it becomeseasierto selecttheinterestinghorizonevents.

TheCRSmethodalsoprovidestheN-wavefrontcurvatures,that is not originally
usedby theHubralandKrey algorithm. Recallthat theN-wave associatedto a zero-
offset reflection is a wave that startsat the NIP, having the samecurvatureas the
reflector. After the determinationof a given interface,we can back-propagatethe
N-wavefrontdown to this interface,applyingthe sameprocedurewe have described
beforefor theback-propagationof theNIP-wavefront.Doingthis,wehaveanapprox-
imationfor thecurvatureof thereflectorat theNIP thatdoesnotdependonhow dense
theNIPsare.

We have to take specialcarewhendealingwith estimatedquantitiesasinput data.
Wehave to try to avoid or, at least,reducetheeffectof theestimationerrorson thein-
versionprocess.Thestrategy appliedwasto smooththeparametercurves.Thismakes
physicalmeaning,sinceno abruptvariationson theparameterscanin generaloccur.
Themethodusedis statedin Leite,1998:To eachfive neighborspointson thecurve,
fits theleast-squareparabolaandreplacethemiddlepoint by its correspondenton the
parabola(seeFigure4). This smoothingtechniquecanbeapplieda fixednumberof
times(weusefive) to eachparametercurve.

The smoothingmethoddescribedcanbe appliedto any curve on the plane. All
we needto know is how to follow thecurve. In our case,thecurvesareparametrized
by thecentralpoint coordinate.In causticregions,many valuesof theparameterare
associatedto the samecentralpoint. This could generatea problemto find out the
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Figure 4: For each five points, the
smoothingschemefits a parabolaand
replacethe centralpoint to its corre-
spondentvalueon theparabola.
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Figure5: Both figuresshow a parametercurve within a causticregion. The small
circlesdenotethesampledvaluesof theparameter. At left, thepointsof thecurveare
sortedby their centralpoint coordinates.Thearrows indicatethesequence.At right,
they wereresortedto thecorrectsequenceby theapplicationof theunfoldingcriteria.

correctsequence.The readercould arguethatperhapsthecorrectordersarealready
known. But, sincetheCRSparametersareextractedfrom theparametersectionsby
somepickingprocess,themethodwe will describecouldbeusedto automaticallydo
this picking process.At the left sideof Figure5 we canseea situationwherethe
parametersvaluesaresortedby their centralpoint coordinates.

We have formulateda criteriato unfold theparametercurve. Whenthecurve has
morethanonevaluefor thesamecentralpointcoordinate,theproposedcriteriatriesto
keepthevariationsof theCRSparametersbetweentwo neighborpointson thecurve
assmallaspossible.This is a reasonableassumptionsincea smoothbehavior of the
CRSparametersis expected.Themerit functionwhich is minimizedis¡ÕþM¢ Z � ¢¤£ � ø¦¥ � Z ó  � £ ó ¥� £ ó 	§¥ ò Zó  ò £ó ¥¥ ò £ó ¥ � (6)

where
¢¤£ ø þ�ÿ £ ó � � £ ó � ò £ó � � £õ3ö6÷ � � £õ � denotesthevectorof theCRSparameters,¨ is the

index of thecurrentpoint and Y varieson thesetof index of theneighborpoint of the
currentpoint. We calculatethe functionabove for eachneighborof point ¨ andthen
thepoint thathasobtainedtheminimumvalueis selectto benext onein thereordered
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sequence.We madetestsincluding two moreterms,onefor
� õ�ö	÷ andonefor

� õ ,
but thestabilityof themethodwasreduced.Recallthatthis criteriashouldbeapplied
beforethesmoothingprocess.Soit mustwork evenif thereis noisein theparameters
values.We have madeseveral testswith this criteriaandit really wasableto unfold
thecurve.

We dealwith theover-determinationon thevelocity consideringa solutionin the
senseof leastsquares.By now, we aresupposinga modelwith homogeneouslayers,
but thisapproachcanbeeasilyextendedto incorporatevelocityprofilesdependingfor
example,linearlyon thedepth.

Currently, we are recovering the interfacesby interpolatingthe many founded
NIPs. Sincethis could leadto a not so smoothinterface,what would be a disaster
for theray tracingprocess,we applythesamesmoothingprocessdescribedbeforeto
theinterpolatedinterface.This reallyenhancesthequalityprocessoverall.

Following, we presentour implementationof the algorithmof Hubral andKrey,
with themodificationsdiscussedabove.

Input data. Recall that after the applicationof the CRSmethod,we obtaina sim-
ulatedzero-offset sectionin which the most importantevents(primary reflec-
tions) arewell identified. This meansthat the traveltimes

� ó at eachreflection
is known. The identifiedprimary reflectionswill provide the interfacesof the
layeredmodel to be inverted. Also recall that at eachpoint of the zero-offset
simulatedsection,we haveattachedthethreeparametersò�ó , � õ�ö	÷ and

� õ ex-
tractedfrom the multi-coveragedata. We shall make a consistentuseof the
CRSparametersalongthoseidentifiedreflections.We finally observe that the
mediumvelocity in thevicinity of eachcentralpoint is known apriori.

Determination of the first layer. For agivencentralpoint ùÍó , let

� ó bethezero-offset
traveltimeof theprimary reflectionfrom thefirst interface. Also, let ò�ó be the
emergenceangleand

� õ theradiusof theN-wavefrontcurvatureof thecorre-
spondingzero-offset ray. Draw from ùÍó a straightline thatmakesanangle ò�ó
with thesurfacenormalat ù®ó andhaslengthequalsto � ó � ó � � . Theextremeof
this segmentof ray is theNIP. Do this for all centralpointsthat illuminate the
first interfaceandtheninterpolatethe inverted

�ª©e«
s to recover thefirst inter-

face. To minimize the noiseon this first approximation,apply the smoothing
processto thecurve thatdescribesthe interface.We cannow saythat this first
layer is completelydetermined.Beforewe go to the determinationof the fol-
lowing layers,we will back-propagateall the N-wavesassociatedto eachray.
This providesan estimative of the curvatureof the reflectorat eachNIP. Note
thatthecurvatureof thereflectorwill benecessarywhenwewill back-propagate
wavefrontcurvaturesdown to deeperlayers,sinceto transposethefirst interface
weneedto know its curvature.
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Subsequentlayers. As before,supposethat the modelhasbeenalreadydetermined
up to thelayer

þ Y  \ � . Theinputdatais theCRSparametersfor thezero-offset
raysthat reflectat the interface

þ Y¬	­\ � . Tracetheraysdown to the interfaceY
andback-propagatetheNIP-wavefrontalongthoserays.Applying thefocusing
conditions,estimate�NZ by leastsquares.Using Snell's law calculateò Z and,
knowing theremainingtraveltimes,tracethelastsegmentof eachray. Smooth
theinterpolatedcurve of theNIPsto obtaintheinterface

þ Y!	]\ � . Finally, along
eachzero-offset ray back-propagatethe N-wavefront curvatureto estimatethe
curvatureof theinterfaces.

SYNTHETIC EXAMPLE

Thealgorithmwasappliedto themodeldepictedon Figure6, which consistsof three
interfaceseparatingfour homogeneouslayers.Thesecondreflectorhasasynclinalre-
gion between6.5kmand7.5kmthatgeneratescaustics.For thethreelayers,we mod-
eledtheCRSparametersby usingthedynamicray tracingpackageSeis88,designed
by Cerveńy andPsenck (see Cerveńy, 1985),andotherauxiliar softwaresdeveloped
by ourselves.
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Figure6: Syntheticmodelwith four homogeneouslayers.

As a validationtest,we ranthemethodwith theexactmodeledparametersasthe
input data. As expected,the velocitiesandinterfaceswererecoveredwith the same
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precisionof themodeledinputdata.

The secondandmorerealistictestwereachieved with the CRSparameterswith
10%of white noiseon all parametersasthe input data. We show in Figure7 the in-
vertedmodel. Note that thevelocitieswerevery well recovered,with relative errors
of \ �b® \ % and � �%¯�° %, for thesecondandthird layers,respectively. But the third re-
flectorstill hasoutliers. This problemsis dueto a not sosmoothinterpolationof the
recoveredpointsof thesecondreflector. Thisproblemdamagestheraytracingprocess
subsequentlycarriedout for thedeeperlayers.

NEXT STEPS

We planto make two majorimprovements.Thefirst oneconcernsa betterrecovering
of the interfaces.The ideais, oncetheNIPswererecovered,insteadof interpolating
them,fit a smoothcurve, like a cubicspline,for example. In fact,we areplannigto
do this with the parametricinterpolatingcurve presentin Hildebrand,1990. The in-
terpolatingcurve is apicewisecubicpolynomialin theinnnerintervalsandaparabola
at theextremeintervals. This optionsis cheaperthencubicsplinesbecause,giventhe
pointsto be interpolated,the interpolatingcurve canbecomputateddirectly, without
solvinglinearsystems.We believe that this modificationwill solve theproblemseen
on theestimationof thethird reflectorof thepresentedexample(Figure7).
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Figure7: Invertedmodel. �NZ and ��±Z aretherealandestimatedvelocities,respectively.
Thesolidcurvesaretheinvertedinterfaces.
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We alsoplan to modify thesoftwareso that theestimatedvelocity could linearly
variatewith thedepth.This impliesonly onaminormodificationon theestimationof
thelayervelocitiesandon theray tracingmethod.

CONCLUSIONS

The contribuion of this work is a new implementationof the HubralandKrey algo-
rithm, usingtheCRSparameters.We alsodiscussdetailsof thenumericalimplemen-
tationof thealgorithm,neededfor aefficientapplicationof themethod.

Theresultsareencouraging.Westronglybelievethatthemethodwill beavailable
for useassoonastheimplementationof theapproximationof theinterfacesby smooth
curvewill befinished.

Concerningmorecomplex velocity profiles,we couldrun thealgorithmfor sepa-
retedpartsof thedomain.Thus,eachinvertedmodelwouldbecomposedby homoge-
neouslayersthatcouldbegluedto form a completeinvertedmodel,homogeneousby
parts.This approachcanbeadoptedindependentlyof the inclusionof thepossibility
of velocityprofilesdependingon thedepth.
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