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Macro-Velocity Model Inversionfrom CRS Attrib utes:
The Hubral and Kr ey algorithm revisited
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ABSTRACT

In conventionalprocessingtheclassicalalgorithmof Hubral andKrey is routinelyap-
pliedto extractaninitial maciovelocitymodelthat consistof a stadk of homaeneous
layers boundeddy curvedinterfacesInputfor thealgorithmare identifiedprimary re-
flectionstogetherwith NMO velocitiesderivedfroma previousvelocityanalysiscon-
ductedon CMP data. Thiswork presentsa modifiedversion of the Hubral and Krey
algorithmthatis adaptedo advantgeouslyusepreviouslyobtainedCR Sattributesas
its input. Somesimplesyntheticexamplesare providedto illustrate and explain the
implementatiorof the method.

INTRODUCTION

TheCRSmethod(Birgin etal.,1999)is arecentechniquehatis becominganalterna-
tive to the corventionalseismicprocesspresentingoromisingresultsconcerninghe

generatiorof simulatedzero-ofsetsections.The CRSparametergive, in additionto

abetterstackingmoreinformation.In fact,thisinformationcanbeappliedto produce
a morereliablevelocity modelthat canbe usedfor furtherimagingpurposesuchas
depthmigration.

Thisis whatourwork intendsto do. Whatwe will shav onthis articleis that,once
we have alreadymadean effort to estimatethe CRS parameter$o constructa clean
simulatedzero-ofset section,we shallimmediatelybe in the positionof inverting a
macro-\elocity model.

Hyperbolic Traveltime and CRS parameters. The hyperbolictraveltime expres-
sionrelatesthe traveltime of two rays. Oneof themis takenasa referenceay andis
calledcentralray. Whenthis centralray is takenasa normalray at X, (seeFigurel),
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theformulabecomes
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wherezs andz¢ arethe horizontalcoordinateof the sourceandrecever pair (S, G)
nearX,, t, is thezero-ofsettraveltime andg, is the angleof emegenceat the zero-
offsetraywith respecto thesurfacenormalatthecentralpoint X,,. Thequantitiesk y
and Ky;p arethe wavefront cunvaturesof the N-wave and the NIP-wave (Hubral,
1983),respectrely, measuredt the centralpoint X,. Thetraveltime formulaabove
is on the kernelof the CRSmethod. Therefore thosethreeparametersf,, Ky and
Kyp arecalledCRSparameters.

N-wavefront

S XO = NIP-wavefront G

Figurel: CRSParametergor anormal
centralray X, NIP X,: theemegence
angles, andtheNIP-andN-wavefront
cunatures. ¥ is the reflector X, is
thecentralpointcoordinateandS and
G arethesourceandrecever positions
for aparaxialray, reflectingat R.

THE HUBRAL AND KREY ALGORITHM

Our inversionmethodis basedon the well establishealgorithmproposedn Hubral
andKrey, 1980.Thevelocity modelto beinvertedfrom the datais assumedo consist
of a stackof homogeneoutayersboundedby smoothlycurved interfaces. The un-
knownsarethevelocityin eachlayerandthe shapeof eachinterface. Theseunknavns
areiteratively obtainedrrom top to bottomby meansof alayerstrippingprocess.

The main idea of the algorithmis to backpropagat¢éhe NIP-wave down to the
NIP locatedat the bottominterfaceof the layerto be determinedseeFigure2). This
meanghatthe velocitiesandthe reflectorsabove the layer underconsideratiornave
alreadybeendetermined.Sincethe NIP-wave is dueto a point sourceat the NIP, the
backpropagatiothroughthis lastlayergivesusafocusingconditionfor the unknavn
layervelocity.
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Figure2: NIP-wavefrontassociatedb the centralzero-ofsetray X, NIP X, in red.

To well describethe wavefrontcunaturealonga ray paththatpropagateshrough
the layeredmedium,we shouldconsidertwo distinct situations: (a) the propagation
occursinsideahomogeneoukyerand(b) transmissiorccursacrossaninterface.

Figure3 depictsaray thattraversegshehomogeneoug-th layer(of velocity v;) be-
ing transmittedrefracted)at the interface; + 1. Let usdenoteby Ry ; the wavefront
radiusof curvatureat theinitial pointof theray (thatis, justbelow the j-th interface).
Thewavefrontradiusof curvature,R; ., just beforetransmissiongatisfiegherela-
tionship

Ry 41 = Ry +v; Aty (1)

interface j

layer j

interface 7 + 1

Rr i1

U]'+1 ﬂj+1

Figure3: Raypropagatiorthroughlayer ;.

whereAt; is thetraveltimeof theray insidethelayer. We now considetthechange
in wavefrontcurvaturedueto transmissiorat theinterface.As shavnin, e.g.,Hubral
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andKrey, 1980,we have
1

Rp,j+1

(2)

1 _ Vj+1 COS2 Q; 1 1 (Uj—H

= + CoS a; — €08 [3;
J j+1
RT,j—H Vj COS2 ﬂj—H RI,j—H COS2 ﬂj—H (%

Here, o; and 3,4, arethe incidentand transmissioranglesof the ray, respectrely
and Ry is theinterfaceradiusof curvature all thesequantitiesbeingmeasuredt the
transmissiompoint. Obsere thatSnell's law,

sino;  sin 3,
i - DB ©

Yj Vj+1

is valid. Assumenow thatthe NIP is locatedatthe (IV + 1)-th interface.This leadsto
thefocusingconditions

N-1
RI,N—H =0= RT,N + un AtN and AtN =1y — (Z Atj) , (4)
j=1

that determinethe velocity vx. Here, R; y+1 = 0 is the radiusof curvatureof the
wavefrontattheNIP (it startsasapointsourcejand Ry v is theradiusof curvatureof
the wavefrontafter transmissioracrossthe interface N. Notethat R x, asgivenby
settingj = N — 1 in equation(2), hasanimplicit dependencenvy andgy. Thisis

because ]
sin ﬁN = % UN , (5)
UN-1
by Snell'slaw. Oncewvy and gy aredeterminedthe seggmentof the zero-ofsetray
insidethe N-th layercanbeconstructedThesought-folNIP locationis thensuchthat

its distanceo thattransmissiompointis vy Aty .

Summary of the Hubral and Kr ey algorithm

It is instructve to discussthe key ideasinvolvedin the preceedingstratgy. Firstly,
we will presenthe mainstepsof thealgorithm. Then,we will make somecomments
abouttheimplementatiorof thevarioussteps.

The methodaimsto extracta modelcomposedy homogeneoukyersseparated
by smoothlycurved reflectors,correspondindo the well identifiedinterfaceswithin
thedataonly. This choiceis madea priori by theuser

Determination of the first layer: Theinputdatais, for eachzero-ofsetray, thetrav-
eltimet,, the emegenceangle, andthe wavefrontcurvature K y;p. Theve-
locity of the first layer is assumedo be known. Thus, only the reflector(the
bottomof thefirst layer) shouldbe determinedAs explainedbelow, this canbe
achievedin mary differentways.
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Determination of the jth-layer: Supposethat the model has beenalready deter
minedupto the(j — 1)th-layer Themethodwill proceedo thedeterminatiorof
thenext layer, thatis, thevelocity of the jth-layerandthe (j+1)th-interface.The
inputdatais again,for eachzerooffsetray reflectingattheinterface(j + 1), the
traveltimet,, theemepgenceangles, andthewavefrontcunatureK y;p. Trace
the zero-ofsetray down to the j-th interface.Recallthatthis ray makesthe an-
gle B, with the surfacenormalatits initial point. Now, usingequationg1) and
(2), back-propagatéhe NIP-wave from the surfaceto the j-th interfacealong
thatray. Now usethefocusingconditions(4) to determinethelayervelocity v,
theangles; andtheNIP.

Theabove procedurecan,in principle,bedoneto eachzero-ofsetray. However,
underthe constraintthat the layer velocity v; is constant,we obtainan over
determinedsystemfor that unknavn. How to deal with this problemwill be
discussedbelon.

Brief discussionof the algorithm

We now discusgheabove algorithmconcerningts accurag andimplementationOur
aimis to identify thoseaspectshatcanbeimprovedupontheintroductionof the CRS
methodology

e Theguantitiesneededy themethod(emegenceanglesnormaltraveltimesand
NIP-wave radii of curvature)arenot directly available,but have to be extracted
from thedata. In the descriptionin HubralandKrey, 1980,thesequantitiesare
obtainedby corventionalprocessinggn CMP data.

¢ Note that the main idea of the method, the back-propagatiorof the NIP-

wavefront, is carriedout independentlyfor eachray. Thus,in principle, each
ray carriesenoughinformationto recover the layer velocity, that canbe trans-
latedinto mary equationsdependingon the sameunknavn. Sincewe are as-
suminghomogeneoukayers,this impliesanover-determinatiorof the velocity.

Of course, this questionwasfacedon the original algorithm, but the method-
ology appliedis not statedin the text. HubralandKrey have pointedout that
this “excess”of informationcould be usedto improve the velocity distribution

consideredfor example, assuminga linearvelocity variation.

¢ Notethatthe law of transmissiorfor the wavefront curvaturesdependson the
curvatureof theinterface(Ry) at the transmissiorpoint, aswe canseeon for-
mula(2). HubralandKrey statethatthis canbe obtainedby anormalray migra-
tion.
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e As statedin HubralandKrey, 1980, afterthe determinatiorof the velocity, the
locationof eachNIP canbe obtainedoy down propagatinghelastray segment.
Sinceeachray hits theinterfacenormaly thelocal dip canalsobe determined.

In the next sectionwe will show, with the help of the CRS attributes,that most
of the difficulties addresse@dbove canbe solved. In this way, a more accurateand
efficientversionof thealgorithmcanbe obtainedand,moreaver, preservingts elegant
structure.

THE REVISED HUBRAL AND KREY ALGORITHM

In this sectionwe discusshow to usethe CRSparameterso fully supplythe needsof
the HubralandKrey algorithm,andhow to dealwith the numericalaspectsnvolved
in. Then,we presentrevisedversionof theoriginal algorithm.

The obvious adwantageof having the CRS parameterss that emegenceangles
andNIP-wavefrontcurvatureshave beenalreadydeterminedThus,neithera velocity
analysisnor a traveltime gradientestimationarerequiredto obtainthe input datafor
the inversionprocess.Moreover, with the help of the well-definedcoherencesection
providedby the CRSmethodjt become®asietto selectheinterestinghorizonevents.

The CRSmethodalsoprovidesthe N-wavefront curvatures thatis not originally
usedby the HubralandKrey algorithm. Recallthatthe N-wave associatedo a zero-
offset reflectionis a wave that startsat the NIP, having the samecurvature as the
reflector After the determinationof a given interface, we can back-propagat¢he
N-wavefrontdown to this interface,applyingthe sameprocedureve have described
beforefor theback-propagationf the NIP-wavefront. Doing this, we have anapprox-
imationfor thecurvatureof thereflectoratthe NIP thatdoesnotdepencdn how dense
theNIPsare.

We have to take specialcarewhendealingwith estimatedjuantitiesasinput data.
We have to try to avoid or, atleast,reducethe effect of theestimatiorerrorsonthein-
versionprocessThestratgy appliedwasto smooththeparametecurves. Thismakes
physicalmeaning sinceno abruptvariationson the parameterganin generaloccur
Themethodusedis statedn Leite, 1998: To eachfive neighborgointson the curwe,
fits theleast-squarparabolaandreplacethe middle point by its corresponderntn the
parabolaseeFigure4). This smoothingtechniquecanbe applieda fixed numberof
times(we usefive) to eachparametecurve.

The smoothingmethoddescribedcan be appliedto any curve on the plane. All
we needto know is how to follow the curve. In our casethe curvesareparametrized
by the centralpoint coordinate.In causticregions,mary valuesof the parameteare
associatedo the samecentralpoint. This could generatea problemto find out the
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Figure 4. For eachfive points, the x
smoothingschemsdits a parabolaand X l
replacethe central point to its corre- 2| *

spondentalueontheparabola.
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Figure5: Both figuresshov a parameteicurve within a causticregion. The small
circlesdenotethe sampledvaluesof the parameterAt left, the pointsof thecurve are
sortedby their centralpoint coordinatesThe arravs indicatethe sequenceAt right,
they wereresortedo thecorrectsequencéy theapplicationof theunfoldingcriteria.

correctsequenceThereadercould agguethat perhapghe correctordersare already
known. But, sincethe CRS parametersire extractedfrom the parametesectionsy
somepicking processthe methodwe will describecouldbe usedto automaticallydo
this picking process. At the left side of Figure5 we can seea situationwherethe
parametersaluesaresortedby their centralpoint coordinates.

We have formulateda criteriato unfold the parametecurve. Whenthe curve has
morethanonevaluefor thesamecentralpointcoordinatetheproposedriteriatriesto
keepthe variationsof the CRS parameterdetweentwo neighborpointson the curve
assmallaspossible.This is areasonablassumptiorsincea smoothbehaior of the
CRSparameterss expected.The meritfunctionwhichis minimizedis

J 2
-l 16—l
tO |ﬂ0|

wherep; = (%, t, 8, K p, K') denoteghevectorof the CRSparameters, is the
index of the currentpointand; varieson the setof index of the neighborpoint of the
currentpoint. We calculatethe function above for eachneighborof point: andthen
thepointthathasobtainedhe minimumvalueis selectto be next onein thereordered

t— ¢
F(p;,pi) = o — fo

(6)
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sequenceWe madetestsincludingtwo moreterms,onefor Ky;p andonefor Ky,
but the stability of the methodwasreduced Recallthatthis criteriashouldbe applied
beforethe smoothingorocessSoit mustwork evenif thereis noisein the parameters
values. We have madeseveral testswith this criteriaandit really wasableto unfold
thecune.

We dealwith the over-determinatioron the velocity consideringa solutionin the
senseof leastsquaresBy now, we aresupposinga modelwith homogeneoukayers,
but this approacltanbeeasilyextendedo incorporatevelocity profilesdependingor
example linearly onthedepth.

Currently we are recovering the interfacesby interpolatingthe mary founded
NIPs. Sincethis could leadto a not so smoothinterface,what would be a disaster
for theray tracingprocessye apply the samesmoothingprocesslescribedeforeto
theinterpolatednterface.This really enhanceshequality procesoverall.

Following, we presentour implementatiorof the algorithmof Hubral andKrey,
with the modificationgdiscusse@bove.

Input data. Recallthat after the applicationof the CRS method,we obtaina sim-
ulatedzero-ofset sectionin which the mostimportantevents(primary reflec-
tions) arewell identified. This meansthat the traveltimest, at eachreflection
is known. Theidentifiedprimary reflectionswill provide the interfacesof the
layeredmodelto be inverted. Also recall that at eachpoint of the zero-ofset
simulatedsectionwe have attachedhethreeparametergy, Ky;p and Ky ex-
tractedfrom the multi-coveragedata. We shall make a consistentuseof the
CRSparameterslongthoseidentifiedreflections. We finally obsere thatthe
mediumvelocity in thevicinity of eachcentralpointis known a priori.

Determination of the first layer. Foragivencentralpoint X, lett, bethezero-ofset
traveltime of the primary reflectionfrom thefirst interface. Also, let 5, bethe
emepgenceangleand Ky the radiusof the N-wavefrontcurvatureof the corre-
spondingzero-ofsetray. Draw from X, a straightline that makesan angle,
with the surfacenormalat X, andhaslengthequalsto vyt,/2. The extremeof
this segmentof ray is the NIP. Do this for all centralpointsthatilluminate the
first interfaceandtheninterpolatethe inverted N I Ps to recover the first inter-
face. To minimize the noiseon this first approximation apply the smoothing
procesdo the curve thatdescribegheinterface. We cannow saythatthis first
layeris completelydetermined.Beforewe go to the determinatiorof the fol-
lowing layers,we will back-propagatell the N-wavesassociatedo eachray.
This providesan estimatve of the curvatureof the reflectorat eachNIP. Note
thatthecunatureof thereflectorwill benecessarywhenwewill back-propagate
wavefrontcunaturesdown to deepetayers,sinceto transposehefirst interface
we needto know its curnvature.
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Subsequentayers. As before,supposehatthe modelhasbeenalreadydetermined
uptothelayer(j — 1). Theinputdatais the CRSparametersor the zero-ofset
raysthatreflectat theinterface(; + 1). Tracetheraysdown to theinterface;
andback-propagatthe NIP-wavefrontalongthoserays. Applying thefocusing
conditions,estimatev; by leastsquares.Using Snell's law calculate3; and,
knowing the remainingtraveltimes,tracethe last sggmentof eachray. Smooth
theinterpolatecturve of the NIPsto obtaintheinterface(j + 1). Finally, along
eachzero-ofsetray back-propagatéhe N-wavefront cunatureto estimatethe
cunatureof theinterfaces.

SYNTHETIC EXAMPLE

Thealgorithmwasappliedto the modeldepictedon Figure6, which consistsof three
interfaceseparatindour homogeneoukyers.Thesecondeflectorhasa synclinalre-

gion betweert.5kmand7.5kmthatgeneratesaustics For thethreelayers,we mod-

eledthe CRSparameterdy usingthe dynamicray tracingpackageSeis88 designed
by €eneny and Pserek (see€eneny, 1985),andotherauxiliar softwaresdeveloped
by oursehes.

0

2F v, = 2.0 km/s

v, = 3.4 km/s

Depth [km]

v 5.5 km/s

6O 4 8 12 16

Distance [km]

Figure6: Syntheticmodelwith four homogeneoukyers.

As avalidationtest,we ranthe methodwith the exact modeledparameterasthe
input data. As expected,the velocitiesandinterfaceswererecoveredwith the same
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precisionof themodelednputdata.

The secondandmorerealistictestwere achiezed with the CRS parametersvith
10% of white noiseon all parametergasthe input data. We show in Figure7 thein-
vertedmodel. Note thatthe velocitieswerevery well recosered,with relatve errors
of 1,31% and2, 65%, for the secondandthird layers,respectiely. But the third re-
flectorstill hasoutliers. This problemsis dueto a not so smoothinterpolationof the
recoveredpointsof thesecondeflector Thisproblemdamagesheraytracingprocess
subsequentlgarriedout for thedeepetayers.

NEXT STEPS

We planto make two majorimprovements.Thefirst oneconcernsa betterrecorering
of theinterfaces.Theideais, oncethe NIPswererecovered,insteadof interpolating
them, fit a smoothcurve, like a cubic spline,for example. In fact, we areplannigto
do this with the parametrianterpolatingcurve presentin Hildebrand,1990. Thein-
terpolatingcurve is a picewise cubicpolynomialin theinnnerintervalsanda parabola
atthe extremeintervals. This optionsis cheapethencubic splinesbecausegiventhe
pointsto beinterpolatedthe interpolatingcurve canbe computatedirectly, without
solvinglinear systems.We believe thatthis modificationwill solve the problemseen
ontheestimationof thethird reflectorof the presented@xample(Figure7).

0

---- real interface

v, = 2.0 km/s

v,” = 1.9738 km/s

v, = 3.4 km/s

Depth [km]

. v2e = 3.3096 km/s

6 | | |
0 4 8 12 16

Central Point Coordinate [km]

Figure7: Invertedmodel.v; andv; aretherealandestimatedselocities,respectrely.
Thesolid curvesaretheinvertedinterfaces.
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We alsoplanto modify the software so that the estimatedvelocity could linearly
variatewith thedepth.Thisimpliesonly on a minor modificationon the estimationof
thelayervelocitiesandontheray tracingmethod.

CONCLUSIONS

The contrituion of this work is a new implementatiorof the Hubraland Krey algo-
rithm, usingthe CRSparametersWe alsodiscusgietailsof the numericaimplemen-
tationof thealgorithm,neededor a efficientapplicationof the method.

TheresultsareencouragingWe stronglybelieve thatthe methodwill be available
for useassoonastheimplementatiorof theapproximatiorof theinterfacesby smooth
curve will befinished.

Concerningmorecomplex velocity profiles,we couldrun the algorithmfor sepa-
retedpartsof thedomain.Thus,eachinvertedmodelwould be composedy homoge-
neoudayersthatcould be gluedto form a completenvertedmodel,homogeneouby
parts. This approactcanbe adoptedndependentlyf the inclusionof the possibility
of velocity profilesdependingon thedepth.
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