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Eigenwave based multiparameter traveltime expansions
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ABSTRACT

Three different 2-D traveltime approximations for rays in the vicinity of a fixed zero-offset
ray are presented and analyzed. All traveltimes are given as three-parameter expansions
involving the emergence angle of the zero-offset ray with respect to the surface normal,
as well as two wavefront curvatures associated with the zero-offset ray, namely the nor-
mal wave and normal-incidence-point wave. A comparison of all three multiparameter
traveltime expansions is carried out.

INTRODUCTION

Traveltimes of rays in the (paraxial) vicinity of a fixed (central) ray can be described
by certain parameters which refer to the central ray only. The traveltime approximations
directly obtained from paraxial ray theory are the parabolic and the hyperbolic expansions
((Schleicher et al., 1993)). An appealing alternative traveltime description, has been
recently proposed by (Gelchinsky et al., 1997). In this new representation, the paraxial
rays can be specified so as to focus at a certain point of the zero-offset ray or at an
extension to this ray. For this reason, Gelchinsky's expression has been referred to as
the multi-focus traveltime. In the second-order approximation the multi-focus traveltime
agrees with its parabolic and hyperbolic counterparts. In this paper we provide simple
derivations of all above mentioned formulas and examine their behaviour for a synthetic
model.

THE TRAVELTIME EXPANSION FORMULAS

In the following, we refer to Figure 1.
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Figure 1: Construction of the fo-
cusing wave. Shown is the normal
ray from X0 to NIP . Also de-
picted are two of all possible parax-
ial rays (SRG andSRG) that in-
tersect this central ray at a com-
mon focus pointP . These set of
rays defines a fictitious wave called
the focusing wave that starts atX0

with the wavefront�S , focuses at
P , is reflected at the reflector� and
emerges again atX0, now with the
wavefront�G.
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Parabolic and hyperbolic traveltimes

Following the formalism of (Bortfeld, 1989) tailored to the present two-dimensional
propagation, the2� 2 propagator matrix

T =

 
A B
C D

!
(1)

describes a first-order relationship
(

�xG = A �xS +B �pS ;
�pG = C �xS +D �pS ;

(2)

where�xS and�xG are the source and receiver offsets of the paraxial ray with respect to
the central ray.�pS and�pG denote the corresponding slowness projection differences
of these rays onto the seismic line at the initial and end points, respectively. All these
quantities are measured with respect to a fixed coordinate system attached to the tangent
to the measurement surface atX0. Using the fact that the down-going segment of the
normal ray connectingX0 toNIP is the reverse ray to the up-going segment fromNIP
toX0 and along similar lines as in (Bortfeld, 1989), we can find the useful relations

A = D = (KNIP +KN )=(KNIP �KN ) ; (3)

B = (cos2 �0=v0) [2=(KNIP �KN )] ; (4)

wherev0 is the velocity atX0,KNIP andKN are the curvatures of the Eigenwaves NIP-
wave and N-wave ((Hubral, 1983)), respectively. The so-calledsymplecticityproperty of
propagator matrices, namely the relationAD�BC = 1, produces the remaining element
C. Following (Bortfeld, 1989) or (Schleicher et al., 1993), we use midpoint and offset
coordinates

xm =
�xG +�xS

2
; h =

�xG ��xS
2

; (5)
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to find for the parabolic traveltime

tpar(xm; h) = t0 + (2 sin �0=v0) xm + (cos2 �0=v0) (KN x2m +KNIP h
2) ; (6)

and for the hyperbolic traveltime

t2hyp(xm; h) = [t0 + (2 sin �0=v0) xm]
2 + (2t0 cos

2 �0=v0) (KN x2m +KNIP h
2) : (7)

In the above formulas,t0 denotes the two way traveltime along the central ray.

MULTI-FOCUS TRAVELTIME

For the computation of the multi-focus traveltime we consider the bundle of primary
reflection rays that focus a fixed pointP . As depicted in Figure 1, we imagine that
all these rays describe a certain fictitious wave, which we call afocusing wave. For
each of the focusing raysSPRG, the source and receiver offsets�xS and�xG are no
longer independent but are related by the condition that it has to pass through the fixed
point P. Our problem is to find a traveltime approximation for the rays paraxial to the
central ray and satisfying thisfocusing condition. Let us now designate by�S and�G

the initial and final wavefronts of the focusing wave, respectively. We approximate�S by
a circle, calling its curvatureKS . Similarly, we define the curvatureKG of the circular
approximation of the wavefront�G at X0. Let S0 andG0 denote the points where the
focusing raySPRG hits the initial and end wavefronts�S and�G, respectively. Let us
now consider the paraxial raySPRG to be constituted by two ray segments. The first
one connectingS to P and the second one describes the remaining path of the reflected
ray fromP toR and from there toG. We may then write the traveltimestS andtG along
these two ray segmentsSP andPRG in the form

tS = t0S +�tS ; tG = t0G +�tG ; (8)

wheret0S and�tS are the traveltimes along the ray segmentsS0P andSS0, respectively.
The definitions oft0G and�tG are analogous. Note thatt0S coincides with the trav-
eltime along the central-ray segment fromX0 to P and t0G coincides with the sum of
the traveltimes along the central-ray segment fromP to NIP and fromNIP to X0.
Approximating the ray segmentsSS0 andG0G by straight lines, we find, using simple
geometrical arguments

�tS =
1

KSv0

�q
1 + 2KS sin�0�xS +�x2SK

2
S � 1

�
(9)

�tG =
1

KGv0

�q
1 + 2KG sin�0�xG +�x2GK

2
G � 1

�
: (10)

Our problem reduces, thus, to the determination of the curvaturesKS or KG. For that
matter, we find it convenient to draw the line normal to the central ray at pointP and
consider it as anauxiliary interface. We also set a local coordinate system atP to locate
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ray points and slowness projections which refer to rays arriving to and leaving from this
auxiliary interface. We may now define the two auxiliary propagator matrices

T1 =

 
A1 B1

C1 D1

!
; T2 =

 
A2 B2

C2 D2

!
; (11)

which correspond to the two (central) ray segments fromX0 toP and fromP toX0 being
reflected atNIP , respectively. For the two segmentsSP andPRG of the paraxial ray
SPRG (see Figure 1), the two matricesT1 andT2 set up the first-order relationships

0 = A1 �xS +B1 �pS ; (12)

�p = C1 �xS +D1 �pS (13)

and

�xG = 0 +B2 �p ; (14)

�pG = 0 +D2 �p : (15)

Note that the focusing condition at pointP has been incorporated in the above equation
systems by imposing the ray offsets of both segmentsSP andSRG atP to vanish and
their slowness projections atP to be equal (denoted by�p). Using simple algebra on
the above equations provides a relationship between the source and receiver offsets for a
focusing ray, namely

�xG = � (B2=B1) �xS : (16)

The traveltimest1 andt2, along the raysSP andPRG, can be written following (Bort-
feld, 1989) and (Hubral, 1983) as

t1 = t0S +
sin�0
v

�xS +
cos2 �0KS

2v
(�xS)

2 ;

t2 = t0G +
sin�0
v

�xG +
cos2 �0KG

2v
(�xG)

2 ;

(17)

wheret0S andt0G are the traveltimes along the respective central rays and

KS =
A1

B1

v

cos2 �0
; KG =

D2

B2

v

cos2 �0
; (18)

are the wavefront curvatures of the fictitious focusing wave at the initial pointS and end
pointG, respectively. To determine the quantitiesA1=B1 andD2=B2, we make use of
thechain ruleof propagator matricesT = T2 T1, as well as the symplecticity relations
Ai Di�Bi Ci = 1, (i = 1; 2). After some algebraic manipulation of the above equations,
we find the relationsKS = (A+B2=B1)=B andKG = (A+B1=B2)=B. Together with
the focusing condition, as well as the representations (3) and (4) ofA andB in terms of
KN andKNIP , we obtain the final result

KS =
1

1 � 
 (KN � 
 KNIP ) and KG =
1

1 + 

(KN + 
 KNIP ) ; (19)
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Figure 2: The upper part shows the traveltime surface in the midpoint-half-offset domain
as computed for the velocity structure depicted in the lower part.

where

 = (�xG ��xS)=(�xG +�xS) (20)

is the focusing parameterof (Gelchinsky et al., 1997). Now, putting all intermediate
results together, we come up with the multi-focus formula

tmulti = tS + tG ; (21)

inserting the relationships (8), (9), (10), (19) and (20).

NUMERICAL EXPERIMENTS

In order to illustrate the presented traveltime approximations, we have chosen a syn-
thetic 2D-model, where a dome-like structure is overlain by a smoothly curved interface
as shown in Figure 2. Layer velocities are assumed to be constant, wherev1=2300m/s
andv2=2800m/s correspond to the first and second layer, respectively. The reflection
response of the dome structure has been calculated by a ray tracing algorithm. The cor-
responding traveltime surface in dependence of midpoint and half-offset coordinates,x
andh, respectively, is displayed in Figure 2 as well.

For a fixed midpoint coordinatex=–455m the traveltime approximations (given in
equations (6), (7) and (21)) are calculated for the reflected wave field from the dome-
like reflector. Therefore the angle of incidence�0 of the zero offset ray, as well as the
curvaturesKNIP andKN of the two eigenwaves need to be known. For the case of a
known velocity model, simple geometrical considerations yield these parameters. In the
present case these parameter are:�0 = 33:3o, KNIP = 2:06 � 10�41=m andKN =
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Figure 3: The exact traveltime curve of Figure 2 is compared to the three traveltime
approximations discussed in the text, as computed for an arbitrarily chosen midpoint.

5:43 � 10�51=m. The resulting traveltime surfaces are given in Figure 3. In order to
make comparison with the exact traveltimes visual, 2D-slices of the traveltime surfaces
for constant half-offsetsh=0m, 500m, 1000m, 2000m are depicted (see Figure 4).

For the zero-offset (h=0m) case it can be seen that all three traveltime approximations
fit very good to the exact curve. Even away from the chosen midpoint (x=–455m) the
results are good. For intermediate half-offset (h=500m, 1000m) the approximations are
still very good for the hyperbolic and the multi-focus representation. The parabolic ap-
proximation is good at the chosen midpoint but deviates from the exact curve for distant
midpoint coordinates. For larger offset (h=2000m) all three traveltime representations
deviate from the exact traveltime response. However, the multi-focus traveltime approx-
imation gives still a good fit on the branch for positive midpoints.

CONCLUSION

Second- and higher-order traveltime expansions have been of great use for seismic process-
ing for a long time. For CMP data, the one-parameter, hyperbolic NMO-traveltime is still
routinely used for velocity analysis, stacking and inversion.

Alternatively, using a full multi-coverage data set along a seismic line, three-parameter,
second-order traveltime expansions can be used. In this paper, we have compared the par-
abolic and hyperbolic traveltimes derived from paraxial ray theory (see, e.g., (Bortfeld,
1989); (Schleicher et al., 1993)) with the multi-focus traveltime of (Gelchinsky et al.,
1997). For this purpose, we have reformulated the three approximations in terms of the
same three parameters, namely the emergence angle of the normal ray, as well as the
wavefront curvatures of theN - andNIP - eigenwaves introduced by (Hubral, 1983).

For various tested examples, the hyperbolic and multi-focus approximations gave, as
expected for seismic models consistently better results than the parabolic traveltime.
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Figure 4: Shown are 2D cross-cuts for constant half-offsets of the four traveltime surfaces
of Fig. 3. Displayed are the exact traveltime (solid line), the multi-focus traveltime
(dotted line), the hyperbolic traveltime (dashed line) and the parabolic traveltime (dash-
dotted line).
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PUBLICATIONS

Detailed derivations of all presented traveltime expansion were published in (Tygel et al.,
1997).


